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APPENDIX. 



PROPERTIES OF THE CONIC 
SECTIONS. 



OF THE ELLIPSIS. 



1. Ad ellipsis is a plane figure, bounded by a carved 
line, and ia such that, if irom any point in the curve, two 
straight lines be drawn to two certain points, the sum of 
these lines will always be the same. 

Let the pupil fix two pins in a -.. r< 

t^le at any convenient distance, 
m at F,^; next he is to fasten 
Uie two ends of a thread, and 
Uirow it loosely over the Qxed 
pins ; then by stretching the string 
with a black-lead pencil, or a 
sharp pointed instnunent, and 
carrying it gently round an ellipsis will be formed. 

2. Th e two points F,^ where the pins ore fixed, are 
called the foci. 

3. The line passing through the foci is called the trans- 



4 AFPENDIX. 

ver^e axis, or the axis major. The point O, in the middle 
of the axis A B, is the centre^of the ellipsis. 

4. The line C D, drawn through the centre of the ellipsis, 
perpendicular to the transverse axis A B, is called the con- 
jugate axis, or the ftxi^ vtinork 

5. The line L R, drawn through the focal point F or y, 
perpendicular to the transverse axis A B, is called the pa- 
rameter, or latus rectum. 

6. A line drawn from any point of the curve, perpen- 
dicular to the transverse axis, is called an ordinate to the 
transverse axis> as & G, or H G. When it goes quite 
through the ellipsis, as £ H, it is called a double ordinate. 

7. The extremity of any Aameter is called the vertex ; 
thus, A and B are the vertices of the diameter A B ; C and 
D are the vertices of the diameter C D. 

8. That part of the diameter between the vertex and the 
ordinate is called an abscissa $ thiw G By. and A G, are ab- 
scissas to the ordinate G £. 

PROPOSITION I. 

If f rem mty poine Pj tn on eUtpse^ straight Hnes P F, ¥fbe 
dntwn t& the foci ¥f their sum is equal to ^ trcmsverse 
axis A B. 

For, fifora the generation of the curve, it is evident that 
A /" ife equal ta B F r hence A F = B ^ It is plain also 
that F P + P/s:: Af + AF^Af +' B/=: A B. 
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^r6p6sition II 

The line connecting the extremity of the ccfnjugate axis attd 
focus of the ellipse is equal to half the transverse axis ; 

AB* 
^haii$, ¥C&rfC ^' ^ = AC, or OB. 

« 

For, by the last Piwosidon, F C + /C t= A B ; but 
F € ^f<^ ; because is Uie triiuiglefi F o C and/o C, F o is 
equal to /o and o C common, and the imglos at o right ; 
theveibre F C i9e<)iial to/€ (4. 1.) atid hewe F C isequai to 

ab' ^ ^„ 

-^ = A O, or O B. 



PROPOSITION III. 

THSOftEM. 

The transverse and conjugate diameters of an ellipsis being 
given, to find the foci, and tonstrwet the figure, 

» 4 

Draw the transverse 
and conjugate diameters, 
bisecting each other at 
right angles at O ; from 
C as a centre and radius ^ 
A O, describe an arc 
cutting the transterse 
diameter A B in F, ^ 
which are the foci of the 
ellipsis; take a great " ** 

number of points in A B, the more the better, as in, tn, &c. 
with the radii Aw, B »», ( A m 4- B m =;: A B) and with F,/ 
as centres, ' describe two arcs crossing each other at o, o, &c. 
jpin o, Of &c. with the pen, and the curve will be that of an 
ellipsis. 
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6 APFEITDIX.; 

For, by Proposition II. F C = /C = A O : and by 
Proposition I. F o + of =z A wi + om = A B ; hence the 
reason of the construction. 

On the same principle, an ellipse may be constructed by 
means of three rulers. 

Provide three rulers, of which two F z^ fx are equal, 
each, to the transverse axis A B, and the third zx equal to 
the focal distance F^ Then connecting these rulers so a» 
to move freely about F, f and also about Xy z^ their inter- 
section P will always be in the curve; so that if slits run 
along both rulers, and the instrument be turned freely about 
the foci, a pencil, or sharp-pointed instrument, introduced 
through the slits at the point of intersection, will describe 
an ellipse. 




PROPOSITION IV. 

The distance between the two foci is a mean proportional 
between the sum and difference of the transverse and con- 
jugate axis, thatis,AB + CD: F/:: F/: A B — CD. 

For, C o« = F C« - F o« = A d« — F o« (Prop. II.) 

;. 4 C o« (= C D«) = 4 A o« — 4 F o« ; but 4 A o^ = 

A BS and 4 F o« = F/« (Cor. 4. II.) ; hence F/« = A B« 
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_CD* = (AB + CD) X (AB _ CD) (Cor. 5.IL); 
therefore AB + CD:F/::F/:BA— CD (17- VI.) 




PROPOSITION V. 

Tht vpuxft qf ihiB distance (^ the focus Jram the centrSy is 
equal to the differeMce of Ae squares of the semuaxes ; 
thatis, Fo« = Ao* — Co*. 

For, F o* = F C« — o C« (47. I.) ; but F C = A • 
(Prop. II.) ; therefore F o' = Ao^ — o C*^— See the last 
figure. 



PROPOSITION VI. 

The rectanffle of the distances of either focus from both ver- 
ticeSf is equal to the square of the semi'COf^ugttte ; that is, 
AFXFB = Co«. 



Because C o« = F C* - 
therefore C o* =: Ao« — F o« 
See the last figure. < 



F o« ; and F C = A • ; 
A F X F B, (Cor. 5. II.)— 



PROPOSITION vn. 

To draw a tangent to an eWpsiSy from a given point P in 

. the curve. 



Join F P, / P ; bisect the 
exterior angle fP S. The 
bisecting line r N will be a 
tangent. J^ 




For, if not, it will, if produced, cut the curve in some 
other point, suppose Q. Make P S = P/; join / S, S Q,* 
Q/ QF: then, (4v-I,)/W»N^>»fid the angle/N Q = 
SNQ ;. (4. 1.) QS = Q/ ;. F a + ftS = (F Q + G/ 
;?: F P + P/) ;;; F,S, wfccH is iwfwdi»Ue <^. l,}; ibflr*- 
for«> P N is a tiu9g6At Xq the cury^. 

Cor. 1. The line joining N and l^e centfeC is equal 
to half FS, (4 VI.) because it bisects /F and/S: but 
F'S = AB ;. CN = AC. In 4ik« manner, % maybe 
proved that if F M be perpendicular te the Umgenty C M se 
AC. 

Cor. 2. Produce N C, M F, to meet in R ; then, (26. 1.) 
CR = CN, andFR= /N, therefore, since R M N is a 
right angle, a cir(4? h^\iPt~^ ^ ^ centre, and radius 
C A, will pass through the points A, M, N, B, R, .*. M F 

X F R ?= JIF X/N ;=s A F X f» ^s 4t^ 9im^^>f 

the semi-^coiyugate. (Prop.TI.) .. , , 

PROPOSITION VIII. 

-Th$ square cfjuilfi^ transverse axi» hi9 the sguars ef 
half the conjugate^ as the rectangle of em^ twt> abeceesas 
to the square of the ordinate which divides them ; that is, 
A c^ : cD^ :: A k X hB : m k^. 

To understand this, it is hecessary to premise the follow- 
ing lemma, viz. 



* Q S may be drawn with the pea* 
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If from the Vertex of any pline triangle a perpendicular 
be let fall on the base, or base produced, and the base be 
bisected ; then half die base is to half the sum of ttie sides, 
as the difference betivc^en half - the sum of the sides and 
one of th^m is to the distance between the middle of the 
base and perpendicular* 

Mak« F O 3 half the sum of the sides Fm, /m; then it 
willbeFc:FO :: Om, orFO~/m:cfc 





Because F /" : F D : : F m — fm : F G. Hence 
Fc:FO::Om:iFG = iF/±i/G=/c+/^ = 

ck, 

IJy the lemma Ac : F c :: e k : A c — fm, which 
being squared and divided, will be Ac* : Ac* — F c* : : 
ck^ : ek^ — Ac* + 2AcXfm — fm\ then, by alter- 
nation and conversion Ac* : Ac* — Fc* :: Ac^ — ck* 
:2Ac* — Fc* — cAf'- 
'i A c X /to + /w»* ; but 
Ac*— F c* = c D*, 
also A c* — c A;* = A A: X 
A: B, and 2 A c* — 2 A c X 
/m — 2FcXcA:; like-Aj 
Arise /m* — F c* — cA;* 
+ 2Fc X cAr = /m* — 
fk^isz mhl^ ;. Ac? : c^D* 

A^xArB : mk'i 
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Cor. 1. The latus rectum is a third proportional to the 
axis major and axis minor. 

For A c* : c D« :: A F X FB or cD« : FU* :. Ac 
:cD :: cD:FL ;. 2 Ac : 2cD :: 2cD : 2FL. 

Cor, 2. The transverse axis is to the latus rectum, or 
parameter, as the rectangle of any. two abscissas is to the 
square of the ordinate which divides them. Because, by 
Cof. 1, D G* = A B X p, (putting p for the parameter;) 
therefore AB* : AB X ^ I*. A A? X A: B : mA:« : ; hence 
ABip:: Ak X kB : mk^. 

Cor, 3. Hence the rectangles of every pair of abscissas 
are proportional to the squares of their corresponding or* 
dinates. 

Cor. 4. The square of half the conjugate is to the square of 
half the transverse, as the rectangle of any two abscissas of 
the conjugate is to the square of iSie corresponding ordinate. 

For, by the Prop. A c* : c D« : : A c« — c K^ : m K*^ or 
c N* ; then, by inversion and division, c D* : A c* : : (c D* 
— cN« =) DN X N G : c K2 = m N«. See next figure. 

Cor. 5. Hence also, the rectangles of the abscissas of the 
conjugate are proportional to the squares of the ordinates 
which divide them. 



T> 




* F L, which here sipiifieg the latus rectuoi,! is not in the figure, but 
nay be drawn with the pen. See Definition 5. . 
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cD' + F c« :: D N X 

— F c* ; then, by Cor. 4, 
NG : Nm«. 



Cor. 6. As A c« (= F D«) = c D* + F c«; then 
cD« + Fc« : ciy :: AK X KB : mK«. 

Ow. 7. By Cor. 4, c D* : 
NG:Nin«. 

Cbr. 8. As c D« = Ac* 
Ac* — Fc* : Ac« :: DN X 

DC* 
Cor. 9. Because A B = ; therefore by Cor. 2, 

DG* :/!*:: AK X KB : mK«.'' 

Cor 10* From mi draw mo ^ half the transverse, then 
will m$ ^ half the conjugate. For by similar triangles 
in o* or Ac* : m N*, or c K* : : «»»* : * K* ; then, l?y alter- 
nation and division, A c* : #ffi* :: A c* — c K* : (# m* — 
*K« =)mK« V 9m = CD. 

Car. 11. Therefore, if iroppi a point o be laid off o« = 
half the difference between the diameters, and that line be 
produced till it becomes equal to half the transverse^ its 
extremity will be in the curve. 

Cor. 12. If upon either .axis a circle be described, the 
corresponding circular and elliptic ordinates will be propor- 
tional. Because the rectangles of the abscissas are equal to 
the squares of the circular ordinates. (35. III.) 



Vd 




Cor. 13. If through the extremities of two unequal elli|)tic 
ordinates a straight line be drawn, so as to cut the axis prb- 
duced^ a straight line drawn from the point of intersection 
will pass through the extremities of the corresponding cir- 
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A^BKPIX. 



<»dar onliiiateii* Because PN : jt>^ :: SJ<^' : 4:5 (Oor. 12.); 
but S N : jrj^ :: TN : Tj^ ;. P N spy :: t N : Ty. 

Cur. i4. F^om this we may infer that t^udgents drawn to 
any two corresponding ordinates will pass throu^ tiie same 
point in the axis* 



PROiPOSITION IX. 

If through the esetremities cf two tmegual m^dinaies a right 
Ime be drawn so us to ou$ iM agoi^ produced $ ^en -^ the 
square of Me distance of one of these ordinates from the 
point of inierseotion^ is to the reetangile of the ahmssatf, 
which it divides^ so is the sum of the djMansetof the or* 
dinates from the point of interMcHon^ to the akm: or differ^ 
ence of the distances of the ordinates from the centre^ ac' 
cording as ikey fall on the same or contrary sides of the 
centre; that is, TQ«: AQ X QB:TQ+ TL : cQ 
±cL. 

From the property of the curve and similar trismgles T Q^ 
: AQ X QB :: TL* : AL X LB, and therefore, T Q* 

:Aax QB :: tl^-^tq^^alx lb— aqx 
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QB. Now, TL« — T Q« = (T L + T Q) X (T L ~ T Q) 
butTL = Tc '+cU andTQ = T« — cQ ;. TL + 
TQ z= 2Tc — cQ + cL,andTL^TQ^cQ-:pcL 
.-. TL2^ TQ« = 2TcXcQ+2T<? X cL + oL^-^ 
^Q^5 and ALx LB=r AiJ^ — c L^ B L being the sum of 
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A.c^ eL, aad AL their difference, in like manner^ AQ 
X QB =: Ac'-^ctf :. AL X LB ~ Aft X ttBss 
vCe ^ eU :. T(y: AQx ftB::.2Ti?Xfla+2Tc 
X c L + cL« — c a' : cQ« — cL* ; which divided by c GX 

cL; Ta*: AQx GB ::(2Tc — cG + cLicQ + cL 
:;>TG + TL! cG± eh. 

Cor I, When G and L coincide, T M will become a 
tangent, and c Q, e L will each become equal to c N ; there- 
fore, T N* : AI* x NB :: 2TN:2cN; that is, cN : 
BN :: AN : TN ;. cNxTN = ANxBN. 

Cor. 2. From the last analogy, we get c N : B N — 
c N :: AN :TN— AN; .-. cN:Ac :: AN 
: AT. 

Cor. 3. • By alternation and composition, the first analogy 
becomes cV :>g^ + AN :; B N : B N + TN; that 
is, cN : /ic :: BN : BT. 

Cor. 4. From the two last corollaries, we get A N : B N 
:: AT : BT. 

^ Cor. 5. By akemation and compo6ition,.t)ie second corol- 
lary becomes cN : cN + AN :: Ac : Ac + AT; 
that is, c N ; c A : : c A : c T. 

Cor 6. By inTcrsion and composition, the last becomes 
cT : cA :: cT + cA : cA -J- cN; that is, cT : 
«A::BT;BN. 

Cor. 7. From ihe fifth we get c T : c A : : • c T •»— 
cA : cA — cN; that is, eT:cA::AT:NA. 

Cor. 8. From the sixth, cT : BT :: cT — Ac : 
BT — BN; that is, cT : BT :: AT : NT. 

Car. 9. By the siitth and eighth, c A : B N : : A T. : 

NT. ^ . 

Cor. 10. By the seventh and eighth, c A : B T ; : AN 
: NT. 

Cor 11, If tangents be drawn at each vertex of the 
curve, and if the conjugate be produced to meet any other 
U^igent, then as one of these tangents is to the ordinate 
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drawn from the point of contact, so is. the semi-comugate 
produced, to the -other tangent. For (Gor. 8.) c T : B T ' • 
AT : NT V CR : BI:: AP i NO;1ience, BIiNO 




Cor. 12. By similar triangles, TB : TN;: BI:NO 
;. by the 10th Cor. A C : AN :: BI : O N. 

Cor. 13. By similar triangles, T A : T N : : A P : N O 
therefore by the 9th Cor. A C : BN :: A P : NO. 

Car. 14. The 12th and 13th £x. Equo. perturbate A N 
: BN :: AP : BI. 

Cor. 15. By compounding the 12th and 13th A C» : A N 
X NB :: AP X BI : 0N«; thatis, CD* : N O* :: AP 
X B I : N 0» (Prop. VII. Cor. 1.); therefore. C D^ = A P 
X B I ; that is, the semi-conjugate axis is a mean propor- 
tion between the vertical tangents. 

Cor. 16. Hence A P X BI r= C D^) = A F X F B 
= A/x/B; therefore AF : AP:: BI : FB, and A/ 
: A P : ; B I : y*B ; therefore the triangles are similar and 
right, and the triangles P FI andPyi are right-angled at 
F and/*;* therefore, R is the centre of a circle which will 
pass through the points P, F, f, and I. 

* The lines P F, V/, If, which ane not in the cut, may be drawn with 
the pen. 
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PROPOSITION X. 

In the ettipsey the tquare cf any diameter U to the tqmirt ^ 
Us conjugate^ as the rectatagle qf the abscissas to thai cfia- 
meter i to the sqtutre of the ordinate which divides them ; 

Oatis, cw:cs^ ::M.oxoyiiOW. 

From the point O draw O R parallel to the axis A B, 
and O H perpendicular to it: also through the point N, 
the extremity of the ordinate, draw R Q parallel to D C, 
aad draw the ordinates M P and K S. 




a 
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CT^ Tp) x*^^5 

lience, (CP X P TV : M?« :: CH«'x TP* Jk 2 <: H 
X OR x€5P X PT + OR« X CP : NO?, bat AP 

xfb;:Mp»:: ac— ch« 4:2CHx or — or« 

: N Q? <Prop. VIII.) : and A P X P B = C P X P T 
(Prop. IX. Cor. 1.) | therefore, C H* X T P^ + 2 C H X O R 
XCPXPT + OR^X CP« = (AC«— CH« + 2CH 
X OR — OR«) X CP X PT;^ence OR* 

AC* X CP X PT — CIP X (CP X PT + TP*) 

"" C P X P T + CP* 

butAC« = TCxCP = CPxPT + CP^; and 
CP X PT + TP = CT X TP; therefore 

P T X TC X C P* — PTxTC X CH^ „, 

" - TC X CP = O K ; 

that is, CP : PT :: CP* — Cff: OR*; but by similar 
triangles, C S* : CK* : NO* : OR*; thatis, CP X PT 
: CS* :: OR*: O N* (for C K« = A P X P B = C P X 
P T) ; hence, by compounding C P' : C S* : : C P* — C H« 
: O N* ; but by similar triangles and division, C P* : C H* t C 
C M* : C O*, and CP^- C M* :: CP* — CH* : C M* — 
C O* ; therefore, Ex. Equo. C M* : C S* : : C M* — C O 
(= MO X OM): N 62, 



PROPOSITION XI. 

If from a vertex of each of ttoo conjugate diameters an ordu 
note he drawn to the axiSf the distance from one ordinate 
to the centre is a mean prqportion between the abscissas 
of the other; that w, cX* = AN X NB, or uN* = 
AX X XB. 

By similar triangles, T N* : cX* :: [N O* t R X* ::] 
ANxNB:Ac^— «X« [Prop. VIII. Cor. 3.] But A N 
X NB = TNxNC [Prop. IX. Cor. I.]; and by Prop. 
IX. Cor. 5, A c' = T c X cN; therefore, T N : cX* 



nopssTiBs ov ras cahic sections. 



17 



:: tic ; Tex eN ^ 4;X% and by oonposition, TN 
: T« :: eX^ s Te X cKi thct k, ^Xi sc TN X Nc 
=.(Pi«pi.LLCor.l.) AN X NB. 

Cor. 1. Since cX« = A N X NB = Ac* — cK\ and 

c N« = A X X X B = Ac* — c X« / 
2A<^ — <cN« + cX«) /. c A* =: cX« 

Cor. 2. Bythe35. III. ANxNBa: 
ordinate of the circle applied to the point N ; tHerefbre the 
distance between the centre and one of the ordinates, is 
equal to the other ordinate produced to the circle. 



cX« + cN* s= 

+ cN*. 

the square ef the 
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Cor. 3. Hence [and Prop. VIII. Cor. 12.] A c : c D : : 
c X : N O. Likewise Ac:cD::cN:RX; there- 
fore, Ac* : cD« :: Nc X cX : RX X NO. 

Cor. 4. Produce the cpnjugate diameters till they meet 
a tangent drawn through a vertex of the curve ; then, by 
similar triangles cN:NO:: Ac:AL; and c.X :.X R : I A c 
: AM; therefore, NcXcX : RX X NO :: Ac* : LA 
X A M ; ihen, by Cor. 2, cD* = LAxAM. 

C(vr. 5. since by the 3d, Ac* : cD^ :: cX*: NO«^ 
and A c* : c D* :: oN^ : R X»; therefore A c* : c D* :: 
cX* + cN* : NO* + RX*. 

But by Cor. 1, c X* + c N* = A c*; therefore, cD* 
=r NO* 4" R X* ; that is, the square of half the conjugate 
is equal to the sum of the squares of the ordinates 
drawn from the vertices of two semi-eonjugates to the axis. 
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Cot. 6. From this it appears fhat the stun of the' squares 
of. any two conjugate diameters is equal to the sum of the 
squares of the transverse and conjugate diameters. For 
Ac* + cD« = (N 0« + R X* + cX* + cN« =) cO« 
+ cR«. 

Cot. 7. Hence the sum of the squares of any two con- 
iugate diameters is equal to the sum of the squares of any 
other two conjugates. 

PROPOSITION XII. 

A parallelogram described about amy two conjugate dtame- 
terSi is equal to that described tAout the transverse and 
corrugate. 

Draw the perpendicular C Q; then, hy similar triangles, 
TC : CQ :: CR : RX. But C A : CT :: CN : C A 




(Prop. IX. Cor. 5.), and CN : RX :: A C : C D, (Prop. 
XI. Cor. 3.) ; therefore, by compounding, C A : C CI : : C R 
: DC; hence, AC X CD = CQ X CR. 

Cor. 1. Therefore, all parallelograms described about the 
conjugate diameters of an ellipsis are equal. 

Cor. 2. By similar triangles, C K or A C* : C Q C : /O 
;/L; therefore, by the Proposition, / O 2/L :: CR : 

.,________„^„.._^ — — — ■.■■.■■. 

• C K = A C» by Cor. 1, Propontion VII. 
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CD; also FO : FK :: CR : CD; that is, as the dis- 
tance of the focus from the point of contact, is to the per- 
pendicular from the focus to the tangent, so is the conjugate 
diameter parallel to the tangent, to the conjugate axis. 

fO ■ F O 

Cor. 3. Hence, /L is as '^-jj* and F K as ^-g. 

Cor, 4. By compounding the two last analogies of the 
2iid Corollary, FO X 0/:/L X FK :: C R« : CD*. 
But C D* = /L X F K (Cor. 2. Prop. YIL) ; therefore, F O 
X Oy* = C R> ; that is, the semi- conjugate diameter, 
parallel to any tangent, is a mean proportional between the 
distances of the ^i from the point of contact. 



PROPOSITION XIII. 

/f upon, either axis of the ellipsis a cirele be described, ,ihe 
area of the circle will be ta that of the ellipsis^ as the 
axis upon which the circle was described, to its cot^ugaite. 

By Prop. VIII. Co^. 12, the circular is to the correqKmd- 
ing elliptic- ordinate, as the axis upon which the circle is de- 
scribed, to its conjugate axis ; therefore, the sum of all the 
circular ordinates, or the area of the circle^ is to the sum of 
all the elliptic ordinates, or the area of the ellipsis, as^the 
diameter upon which the circle is described, to the conjugate 
diameter. 

Cor, 1. Therefore, the ellipsis is a mean proportional be- 
tween the circumscribed and inscribed circles. 

Ccr. 2. Hence, also, a circle whose diameter is a mean 
proportional between the axes is equifl to the ellipsis. 

Cqf» 3. I'Vom this Proposition it appears, that all ellipses 
ar^ as their circumscribing parallelograms. >. 

Cor. 4. The area of any circular segment is to the area 
of the corresponding elliptical Segment, as the transverse to 
the conjugate, or generally as the diameter upon which the 
circle is described^ to its conjugate diameter. 
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PROPOSITION XIV. 

I a 

The sphere m to the, inscribed tpheraitP^ as the sqwvtejEf the 
' ircinsverst! to the square of the eonjtigate. 

This follows from th£ i^atmre of the circle and ellipsis* 
Because the areas of any, tvyH) corre^onding drdes In «achy 
are as Uie squares of l^e diameters ; that is^ as the sqiiel'e of 
the transverse to the square of the conjugate ; therefore^ the 
sum of all the spherical circles* is to Che sum of ail theeUip^ 
tical circles, as the square of the transverse to the square of 
the conjugate ; bnt the sum of all the spherical circles is the 
sphere, and the sum of all the elliptic circles is the spheroid, 
uierefore, the sphere is to the spheroid, as the square of the 
transverse to the square of the conjugate, 

' :*Chr. 1. The cylinder circumscribing the sphere is to thA 
^fCTJ^scribing lihe i^heroid, as the square of the transverse 
tsb tfti^vquare of the ctmjugate ; therefore, the spheroid is § 
the circumscribing cylinder. 

Cor, ^. Let t and c be the transverse and conjugate, and 

2 c^ tn 
^ 52 -7854 ; — n — is the solidity, or volume of the spheroid. 

«/ 

Gar. 3. The corresponding segments of the sphere and 

fijpberoid, are as the square of the transverse to the square of 

the conjugate, and consequently, in the same rotio with the 

solids themsdves* 

Cor, 4. The spheroid is to the inscribed sphere, as the 
transverse to the cox^ugate. Because their circumscribing 
cylinders are as the transverse to the conjugate. 



• A spheroid is a solid, generated by the rotation of a seim-ellipsis 
.about one of its axos, wbiofa remains fixed* When the eltipdis re- 
volves about the transverse axis, the figure is called a prolate sphe- 
roid, which resembles an egg ; when the ellipsis revolves about the 
"ifeorter axis, the figure is called aa oblate spheroid, which resembles an 
orange. 
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PROPOSITION XV. 

The ohkOe spheroid is to the inscribed sphere, as the square 
of the transverse is to the square of the conjuffctte. 

Because the corie^nding circks m betk solids are as the 
square of the transverse to the square of the conjugate ; 
therefore, the sum of all the corresponding circles must be in 
that ratio ; that is, the oblate spheroid is to the inscribed 
sphere as the square of the transverse is to the square of the 

Cor. 1. The oblate spheroid is ^ the circumscribing cy- 
linder ; therefore, the volume of the oblate spheroid is equal 

to--^. 

Cor. 2. The corresponding segments of the spheroid and 
inscribed sphere are ft» tW sifuare of tfie transverse to Hie 
square of the conjugate. 

Cor. 3. The oblate spheroid is to the circumscribed 
sphere, as the conjugate to the transverse. Because their 
circumscribing cylinders are in the ratio of the conjugate to 
the trassverse*^ ^: 

* r a • 

Cw. 4. If abetift ^Ke-two axes of an ellipse there be gene- 
rated two spheres, andi twD.spheroids^ the £mu: solixkwiUbe. 
contmued projiporttonalis > and the common ratio will be that 
of the two axes of the ellipse ; that is» as the sphere upon the 
greater axis is to the oblate spheroid, so i^ tbfir oUale; ipbe- 
roid to the prolate spberoid ; and. as the oblate spheroid la to 
the prolate spheroid, so is the prolate spheroid to the less 
sphere^ and so is the transverse to the conjugate. , 

• Gar. 6u The oblate, spheroid is to< the inscdbed sphere^ as 
the circumscribed sphere to the prolate spheroid. 

Cor. 6. From Cor. 4, the prolate spheroid is a meaa pco* 
portional between the oblate spheroid and the inscribed 
sphere. 
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Cor. 7* And also, the oblate spheroid is a mean propor- 
tional between the prolate spheroid and the circumscribed 
sphere. 



OF THE PARABOLA. 



DEFINITIONS. 



1. If in an indefinite right line A B, any two -points A 
and F be assumed, and from the centre F, with a radius 
equal to any distance A B, a circle be described intersecting 
in the points N, N, a perpendicular to A B, drawn through 
the point B, and an infinite number of such pbints be 
found, the curve passing through them will be that of a 
parabola. 

2. The point F is called the ficm. 

3. The indefinite line A B 
is called the cum, and the 
point V, in which the curve 
intersects it is called the prin- 
cipal vertex. 

4. A right line drawn from 
any point in the curve parallel 
to the stxis, is called a diameter, 
as N K, and the point in the 
curve, from which it is drawn, 
is called its vertex, 

5. A ri^t line drawn from 
the curve to any diameter, pa- 

' rallel to a tangent at its vertex, is called an ordinate. 

6. vAn ordinate which passes through the focus, ^nd is 
produced tor meet the curve, is called the parameter of its 
diameter. 
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7. The distance between the vertex of any diameter and 
the intersection of an ordinate, is allied an abscissa. 

8. The parameter to the axis AB is called the laius 
Tedum* 

9« A line drawn at right angles to the axis at A is called 
the directrix. 



PROPOSITION I. 

The lahUB rectum PP, isjbur times Ae foeai diiiance from 

iSie vertex^ 

It is evident nrom (Definition 1, ithat the vertex V, bisects 
A F ; that is, F Y = Y A ; and from the same Defi- 
nition, FA = FP.-. 2FY = FP5 therefore P P = 
4 FY. 



PROPOSITION n. 

Thenm t^cmy abgdssa and faeai diUance u equal to the 
diakmee tf the facut Jirom me extremity <^ the ordinate ; 
<*a«M, FN=VB + VF. 

Because FN = AB = VB + y A ss V B + V R 



PROPOSITION III. 

Every ordinate to the axis is a mean proportional between 
its abscissa and the lotus rectum; thai is, 4 Y F X B Y 

= BN«. • 



1^4 



APi»BNWX» 



/ 




Because FN« — FB« = BN*=(FN + FB)x 
(FN — FB). 

H«nce,(FN — FB):BN::BN:(FN + FB). But 
(Prop.ri.) FN" = VB +VT; wdFB =^ VFdD VB;: 
therefore, F N — FB = 2 VB, or 2 VF; and also^ FN 
+ F B = 2 V F, or 2 V B. Hence, 2VB:BN::BN : 
2VF; and then, BN^ = 4VF X VB. 

Cor. 1. The squares of the ordinate&^e proportional to 
their abscissas ; since 4 V*F h'et constant quantity. 

Car* 2. Heuce the., eq^uaiion of the cicve ia jf ^ =s j^^» p, 
X and ^^ being the latus rectilini, abscissf^ an^ ^cd^iji^ 



FB/iOPOfelTJbW IV. 

7%^ /loltfi rectum [P] is to the sum of any two ordmoUes^ as 
their difference is to the difference of the abscissas. 

For P = 4 P F [Prop. I.] ; therefore^ P x V B = B W 
aikl P X V f^ =r^ H^rPrm). HI.}.; hence, P X B IT, or 
F X MN =aLH*— BW; tlierefcre, Pr[LH + B-N] 
[LH — BN] : MN; that is, P : LM::l*a:HN 
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PROPOSITION V. 

Any abscissa is to the square of its ordinate^ as any right 
Une draton tnthin Ae curve parallel to the axiSf is to the 
rectangle of the parte of the double ordinate^ which it 
dhrides. 

For by Proposition I V. P X M N = L M X M O, and 
P X VB = BN'; hence, VB : BN^ :: MN : LM X 
MO. 

Cor, The difference between any two abscissas is di- 
rectly proportional to the rectangle under the sum and dif- 
ference of their corresponding ordinates. 



PROPOSITION VI. 

If from the vertex a right line he draum through the extrc' 
ffiily of an ordinate^ so as to meet another ordinate prO" 
ducedy that other ordinate will be a mean proportional 
between itself produced and the first ordinate ; that isy 
HO«z=HC XBN. 






For, by similar triangles VB:VH::BN:HC 
B N* : H O^ (Prop. III. Cor. 1.) ; therefore, H O^ = H C 
X BN. 

Cor. The abscissa of the produced ordinate, is to the 
produced ordinate, as the other ordinate to the parameter, 
or latus rectum. Because, HO* = PxVH=HCx 
BN; therefore, VH : HC :: BN : P. 

PROPOSITION VII. 

If through the extremities of any two ordinates, a right line 
be drawn so as to cut the axis ; the external part of the 
axis wiU be a mean proportional between the abscissas; 
ihatis, TV2=:VH X VB. 

b 
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By similar triangles T B* : T H« : : B C« : H Da ; but 
B C* : H D« : : V 3 : V H, (Prop- III. Cor.) ; therefore, 
TV* + 2TV X VB + VB* : TV + 2TV X VH 
+ VH* :: VB : VH (4.IL); but by division, T V* + 




2TVx VB + VB* : 2TV X VH + VH* — 2TV 
X VB — VB*:: VB: VH— VB, and by dividing the 
second and fourth terms by V H — V B, we get 

TVa + 2TV X VB + VB* : 2TV + VB + VH 
:: VB : 1 ; therefore, T V* + 2T V X VB + VB» = 
2TVxVB + VB* + VBxVH; hence, T V* = 
VB X VH. 



Cor. I. Since VB = 



BO 



and V H = 



BC 



2 



BC* 
P 
HD* 



(Prop. 



HI.); therefore VB X V H =5 -p- x — p- ; hence, 



TV* = 



B C* X H D* 



then, T V = 



BC 



X HD 



that 



is, as. the. parameter ia to oneof the oidmates, so ia the other 
ordinate to the external pactiof t)ie aKxIs.." 



PROPEBTIXS OF THE OOHIC SECTlONa. 27 

Car. 2. When D and C coincide, then T D will be a 
tangent, <as TM, and the abscissas will be equal to' each 
other, and to V N ; therefore, asTV« = VBxVH=z 

V N« (for H and B wUl coincide at N) ; hence, T V = 

V N ; that is, the abscissa will be equal to the external part 
of the axis. 

Definition. If from the point of contact M, M R be drawn 
at right angles to T M, N K is called the sub-normal. 

Cor. 3. The sub-normal is equal to half the parameter. 

Because (8, VI.) N R = ^y^j = i P, (Prop. III.) 

Cor. 4. The focus is equi-distant from the point of con- 
tact and the intersection of the tangent with the axis. 

Because, FMz=VF + VN=TF. See next figure. 

Cot. 5. The fbciis is equi-distant from the extremity of 
the sub-normal and the point of contact. 

Because, NR = 2F V; therefore, FR = 2FV + FN 
zz FV + VN =z TF = FM. 

Cor. 6. And hence, the focus is the centre of a circle 
which will pass through T, M, R. 

Cor. 7. If from the point of contact two lines be drawn, 
the one to the focus, and the other parallel to the axis, these 
lines will make'equal angles with the tangent. 

For F M = FT, (Cor. 4.), the angles FM T and F TM 
are equal ; but the angles O M P and F T M are equal ; 
therefore, OMP = FMT. 

Cor. 8. A perpendicular from the end of the sub-normal 
to a line drawn from the point of contact to the focus, will 
cut off from that line a part equal to half the parameter. 

Because the triangles R C F and N M F are similar, and 
have the equal sides F R and F M ; therefore, F C = N F, 
and consequently, M C =: RN = ^ P, (Cor. 3.) 

Cor. 9* A tangent at the vertex produced to meet any 
other tangent, is a mean proportional between half the para- 
meter and half the abscissa. 
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For, by similar triangles V B is half of M N, V N being 
equal to T V. But i M N' = 4 V N X i P ; therefore, 
VB«=z^VNxij5, (Prop. III.) 

Cor. 10. Hence, the perpendicular VB is a moon- pro- 
portional between the abscissa and J the parameter. 

VB^=^ VNxiP = iPxVN. 

Cor 1 1 . Consequently, 'if the points F and B be joined, 
F B* will be at right angles to the tangent, on account of the 
similarity of the triangles T V B and T F B. Hence, it ap- 
pears that, a perpendicular from the focus to the tangent, 
and the tangent at the vertex will meet at the same point of 
the tangent, B. 

Cor. 12. A perpendicular, from the focus to the tangent, 
is a mean proportional between the distance of the focus from 
the point of contact, and the focal distance. 

Becau5.e, B F« = . F T X TV, (similar triangles) ; but 
F T = F M, (Cor. 4.) ; therefore, F B« = F M X F V. 

Cor. 13. If any ordinate be produced to meet the foca 
tangent, the ordinate so produced will be equal to the dis- 
tance of the focus from the point in which Uie ordinate inter- 
sects the curve. 



• F B may be drawn with the pen. 
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Became, MF = VN + VF = VN + VT = NT 
: N B. (Cor. 4, and similar triangles.) 



PROPOSITION VIII. 

If an ordinate he produced to meet the tangent^ then, as the 
double ordinate passing through the point of contact^ is to 
the sum of the two ordinates, so is their difference, to the 
difference added to the external part of the ordinate pro- 
ducedy ihatisy 2P0 : BN :: IN : NL. 

Because, by similar triangles T P : PO :: ON : NL5 
but TPiPO::2PO:P(Prop. 
VII.Cor8.1,2.);andBN:ON:: 
P : I N, (Prop. IV.) ; therefore, Ex. 
Equo.2PO: P:: ON : NL; 
and then, Ex. Equo. perturbate, 
2PO : BN :: IN : NL. 

Cor, 1. The difference be- 
tween the ordinates is a mean 
proportional between double the 
less and the external part of the 
lower ordinate. For dividing 
the terms of the proportion, we 
get 2PO : BN — 2PO :: 
IN:NL-.IN; that is, 2PO : IN:: IN : LL 

Cor* 2. By this means, a tangent may be drawn from any 
given [mint L, in the ordinate produced. Because 2 O P = 



/ 


f\ 


s 

r 


\ 




\ 


ii 


r t 




» 



ao 



AFrSMDIX. 



BI — 2NI; therefore, BI — 2 NI : NI :: N I : L I ; 
hence, NP + 2NI X IL z= BI x IL; therefore, NP + 
2NIXIL + ILS or NL« = BLxLI; hence, N L =: 
\^ (B L X L I) from which it appears that if the point L be 
given, the points N and O may be found. 

Cor,. 3. By composition, 'the Proposition becomes 2 P O 
+ IN : IN:: BN + NL : NL; that is, B N :IN :: 
B L : N L. 

From the generation of the curve and Prop. II. it ap- 
pears, that two right lines drawn from any point in the 
curve, the one to the focus, and the other perpendicular to 
the directrix, will be always equal ; hence, tne following 
construction. 

PROPOSITION IX. 

F&OBLEM. 

To construct a parabola by motion. 

Provide a ruler, such as B C, and fix it on the plane on 
which the parabola is to be described ; to the directrix B C 
apply a square O D G, similar to what is commonly called 
a carpenter's square, in such a manner that one of its sid/es 
D G may lie close to B C ; attach one end of a thread, 
F M O, equal in length to O D, to the end of the ruler at 
O, the other end of the thread O M F being fixed at F ; then, 




slide the side of the square D G along the ruler B C, keep- 
ing the thread stretched by means of a pin M, with its part 
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M O close to the side of the square D O ; and the curve 
A M X; described by the motion of the pin, will be one part 
of a parabola. 

If the square be turned over, as represented in the figure 
and moved on the other side of the nxed point F, the other 
part A M Z, of the parabola will be described by the 
pin M. 

Here OM-f-MF = OD, and taking away the common 
part O M, the remainders M D and M F, will always re- 
main equal, which is the property of the curve. 



OF THE HYPERBOLA. 

DEFINITIONS. 

1* If in the line B A produced both ways, there be as- 
sumed two points F^and f^ equi-distant from B A ; and if, 
from the centres F &ndy^ with the radii B I and A I, (I being 
assumed beyond A,) arcs be described, so as to intersect 
each other in M, and an infinite number of such points be 
found ; the curve passing through these points is called a 
hyperbola. 

2. The points F and f are called the foci. 

3. The line B A is called the transverse or greater axis. 

4. The point C in the middle of B A is the centre. 

6. The line D G, passing through the centfe, perpen- 
dicular to the axis, and of such a length, that A D and 
A G may be each equal to C F, is called the conjugate or 
less axis. 

6. Any line passing through the centre, and terminated 
both ways by the curves, is called a diameter. 

7. A right line drawn from the curve to a diameter pro- 
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Because F N* — F B« = B N'* = (F N + F B) x 
(FN — FB). 

Hence,(FN — FB):BN;:BN:(FN + F»). Bm 
(Prop. II.) FN = VB +VT; andFB = VFjtj VB>. 
therefore, F N — FB = 2 VB, or 2 VF; and also^ FN 
+ FB =2VF, or2VB. Hence, 2VB:BN:: BN : 
2VF; and then, BN^ = 4VF X VB. 

C<yr. 1. The squares of the ordinate&^e proportional to 
their abscissas ; since 4 V*P fe-a constant quantity. 

Qan, 2. Heoce tbe^ e^yualAOtpi of the cvcve ia jf ^ :? ^^j,f^ 
X and 3^^ being, the latus rect«Lin,H absciss^ ao4 ^d^i^Mni^. 



TAe UUtu rectum [P] is to the sum of any two ordmcUes, cts 
their difference is to the difference of the (xbscissas* 

For P = 4 P F [Prop. I.] ; therefore, P X V B = B m 
sndF X YU^h mfFrffp. III.T; hence, P X B IT, or 
F X MN caLH* — BN*; thefeliire, P r [LH +'B-N] 
:: [LH — BN] : MN; that is, P : LM::lki^a:MN 
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PROPOSITION V. 

Ant/ abscissa is to the sqiuxre of its ordindUy as any right 
Une drawn within the curve paraUel to the axis^ is to the 
rectangle of the parte of the double ordinate^ which it 
divides. 

For by Proposition IV. P X MN = LM X MO, and 
P X VB zz BN»; hence, VB : BN^ :: MN : LM X 
MO. 

Cor. The diiFerence between any two abscissas is di- 
rectly proportional to the rectangle under the sum and dif- 
ference of their corresponding ordinates. 



PROPOSITION VI. 

If from the vertex a right line be drawn through the extre- 
mity of an ordinate, so as to meet another ordinate pro- 
duced, that other ordinate wiU be a mean proportional 
between itself produced and the first ordinate; that is, 
H0* = HCXBN. 






For, by similar triangles VB:VH::BN:HC 
B ISP : H O^ (Prop. III. Cor. 1.) ; therefore, H O^ = H C 
X BN. 

Cor. The abscissa of the produced ordinate, is to the 
produced ordinate, as the other ordinate to the parameter, 
or latus rectum. Because, HO' = PxVH=HCx 
BN; therefore, VH : HC :: BN : P. 

PROPOSITION VII. 

If through the extremities of any two ordinates, a right line 
be drawn so as to cut the axis ; the external part of the 
axis vnU be a mean proportional betiveen the abscissas; 
thatis, TVjZzrVH X VB. 

b 
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described, it wiU pass through N and ^^.— See the last 
figure. 

Cor. Therefore, the distance of either focus from the 
extremity of the conjugate so applied^ is a mean propor- 
tional between the distance of the foci, and the distance of 
that focus from the vertex to which the conjugate is applied. 
For, as a circle, with the centre C, passes through F, N,^ 
the angle F N/ is right ; therefore, /N« = F/ x /B, and 
FN« = F/x FA, (8. IV.) 



PROPOSITION IV. 

The lotus rectum is a third proportioned to the transverse 
and cof^ugaie diameters, — See Icut figure. 

For, P F* + F/* = P/2* ; but F/= A B + 2 B F, and 
F/= AB + PF. Then, P^zz AB« + AB x 2PF 
+ P FS and P/^ = P F* + /F-; therefore, A B X 2 P F 
= fW — AB« = 4FC«— 4BC«= 4BD« — 4BC« 
z= 4 C D« z= D G« ; that is, A B x 2 P F = DGS /. 
AB : DG :: DG : (2PF) PP. 

Cor, The distance between the foci is a mean propor- 
tional between the transverse, and the sum of the transverse 
and latus rectum. 

For, F/2 = P f^ — P F« = (A B + 2P F) X A B ; 
therefore, A B : F/ :: F/: (A B + 2 P F). 



PROPOSITION V. 

JU. the square of half the transverse is to the rectangle of the 

focal distanees from the vertices ; so is the rectangle of the 

abscissa and sum of the transverse and abscissa^ to the 

square of the ordinate ; duit w, A C* : A F X F B : : 

A K X B K : m K«. 

^ Pf, which is not in the figure, may be concei?ed to be drawn. 
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as 



It is a weU-kndwfi ^tpperlf* tbat ikt base of a triasgle 
is tx> the sum of the «ide^> as die difference' bf Uie 
sides is to the sum or difference of the segm^its of 
the base made by a perpendicular on it, from the ver- 
tical anglC) according as the perpendicular falls outside 
or inside the triangle. Alternating this proportion, and 

dividing by 2, we have AC : FC :: CK . /H+Zi! 

=: /*M — AC; which being squared and divided will be A C 
: FC* — AC* :: CK* :/M* — 2/M X A C + A C* 
— C K* ; which being inverted and mvided, will be A C* : 
FC* — AC*:: CK* — AC* :/M* — 2/M X AC 
+ 2AC* — CK* — FC*. ButFC*— AC* = AFx 
FB; CK* — AC*=r AK X KB; and 2/M X AC — 
2 A C« = 2 F C X C K, (by the first analogy,) .-. /M* — 
2/M XAC + 2AC*— CK* — FC* = /M* — /K* 
= M K« ; hence, AC*:AFxFB::AKxKB: 
MK*. 




Cor. The square of half the transverse is to the square 
of half the conjugate, as the rectangle o€ the abscissa, and 
the sum of the abscissa and the transverse, to the square of 
the ordinate. 

ForCD* = AF X FB. 
Cbr.2. DG* = AB X P. 
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Cor. 3« Haice, the squares of the ordinates are propor- 
tional to the rectangles of the abscissa by the sum of the 
abscissa and transverse. 

Cor. 4. The square of half the conjugate is to. the square 
of half the transverse, as the sum of the squares of half the 
conjugate and the distance of the ordinate from the centre 
to the square of the ordinate of the conjugate. 

By Cor. 1, AC* : CD*:: CK* — AC* ; M K* ; hence, 
by inversion and composition, CD*: A C* : : M K* + C D* 
: CK*, orMAr*. 

Cor. 5. As the parameter or latus rectum is to the trans- 
verse, so is the sum of the squares of half the conjugate and 
the distance of the ordinate ^om the centre to the square of 
the ordinate of the conjugate. 

Cor. 6. Therefore, these squares are as the squares of 
the ordinates of the conjugate. 

Cor. 7. As C D* = A F X F B ; then, A F X F B : 
AC* :: CD2 + MK2 : MAr*. 




Cor. 8. And as A C* = F C^ — C D* ; then, A K X 
KB : CF2 — QW \\ MK* : CD*. 
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Cor. 9. Also, as AB« =z ^^ ; then, G D« : P« :: 
AK X KB : MK2 :: MAr* : MK^ + CD«. 



PROPOSITION VL 

If through the extremities of any two ordinatesy a right line 
be drawn so as to meet ike. axis ; then as the square of the 
distance of one of the ordinates from the point of inter- 
section^ is to the rectangle of this abscissa^ by the abscissa 
and transverse ; so is the sum of the distances of both or- 
dinates from the point of intersection^ to the sum of their 
distances from the centre ; that i«, T Q^ : A Q X Q B : : 
TQ + TL:CQ + CL, 

For, by similar triangles, and Proposition V. T Q* : 
A a X QB :: TL'^ : A L X L B ; therefore, by division, 
TQ« : Ad X QB :: (T L« — TQ« : AL x LB — 
AQxQB ::)CL« — CQ* — 2TC X CL + 2TC 
X C ft : C L* — C ft*, and by dividing the two last terms 
by C L — C ft, we shall have T ft* : A ft X ft B :: (C L 
+ Cft-.2CT:CL + Cft::)TL + Tft:CL 
+ Cft. 

Cor. If P and M coincide ; then, A ft and A L will be- 
come equal to A N, and thcr line T M will be a tangent, as 
T O, therefore, T N* : A N X N B :: 2 T N : 2 CN ; 
hence, by dividing the two last by 2, and the first and 
third by T N, we shall get C N : B N :: A N : T N ; 
which is the property of the tangent* 

Cor. 2. By dividing the last analogy, we shall get C N 
:BN — CN :: AN : TN-^AN; that is, CN: AC 
:: AN : AT. 

Cor. 3. From the first we get, CN t CN -— AN :: 
BN : BN — TN; that is, CN : AC :: BN : BT. 
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Cor. 4. Therefore, A N : A T : : B N : B T. (Cora. 2. 3.) 

Cor. 5. From the third, we get C N : A C : : C N — 
AN : AC — AT; that is, CN : AC :: AC : C T. 

Cor. 6. From the last analogy, we get C T : C A : : 
CT + CA : CA + CN; that is, CT : CA :: BT : 
BN. 




Cor. 7. From the 5th Cor. we get C T : C A : : (A C 
— CT : CN — AC ::) AT : AN. 

Cor 8. From the 6th Cor. we get C T t B T : : A C 
-^ CT : BN — BT; that is, CT : BT:: AT: NT. 

Cor. 9. By comparing the 6th and 8th Cors. we get A C 
: BN :: AT : NT. 

Cor. 10, By comparing the 7th and 8th Cors. we get 
AC : AN :: BT 2 NT. 



PBOFEBTIES OF TBK OOfNIC SECTIONS. 39 

Cw. 11. If the point N be at an infinite distance, then, 
Ai C will be equal to A T, and therefore, the tangent passes 
through the centre. 

Cor, 12. If perpendiculars to the extremities of the trans- 
verse and semi-conjugate be produced to meet the tangent 
produced ; then, A I : O N : : C R : B K, (Cor. 8. and 
similar triangles.) 

Cor. 13. By similar triangles, TB:TN::BK:NO; 
therefore,, by the 10th Cor. AC:AN::BK:Na 

C/r. 14. By similar triangles, AT:TN::IA:NO; 
therefore, by Cor. 9, A C : B N : : A I : N O. 

Cor, 15. By Ex. Equo. perturbate, A N : B N : : A I 
BK. 

Cor, 16. By compounding the proportions in the 13th 
and 14th Cors. A C« : AN X NB :: AI X BK : N0« 
: : (Prop. V. Cor. 1.) L; D^ : N O^ therefore, C D? = I A 
XBK = AFxFB. 

C<n', 17. When the tangent passes through the centre, 
then will A I and B K be equal ; and therefore, C D = A I 
= B K, (Cor. 16.) 

Cot, 18. Therefore, if half the conjugate be applied to 
the vertex of* the transverse diameter, a tangent at an infi- 
nite distance will pass through the centre and the extremity 
of the conjugate. 

Cw, 19. Therefore, if a right line be thus drawn, it will 
continually approach the curve, but will never meet it ; being 
a tangent at an infinite distance. 

Besides the method given at the beginning of this chapter 
to construct a hyperbola by means oi points, the following 
niay be found useful in practice : — 

Fasten one end of a long ruler yP Q at the point ^ by 
means of a pin on a plane, so as to turn freely about / as a 
centre. Then fasten the end of a thread F P Q, shorter 
than the ruler, at the point F, and the other end of the 
threiul at the end Ql of the ruler. » 
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Then, turn the ruler fFQi about the fixed point^ at the 
same time, keeping the thread tight, and its part P Q close 
to the side of the ruler, by means of the pin P ; the curve 
line Ao? described by the pin P, is one part of an hyperbola.. 

If the ruler be turned, and moved on the other side of F, 
the other part A^ of the same hyperbola will be described. 

If one end of the thread beiixed to the end Q of the ruler, 
while the other end of the ruler is fixed at F, the hyperbola 
;ra^ is described. 




ARITHMETIC OF INFINITES. 



To find the superficial or solid content of any figure, the 
pupil is requested to attend to the following preparatory 
Propositions, showing how to find the sum of certain pro- 
gressional series. 
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PROPOSITION I. 

In any series of equal numbers^ as 1, 1, 1, 8^c, 2, 2, 2, ^c, 
3, 3, 3, 8^c* the sum wiU be equal to one of the terms 
muUiplied by the number of terms ; that t^, S = n a, a, 
being one of the termsy and n, the number of terms. 



PROPOSITION II. 

In a series of numbers in arithmetical progression^ beginning 
with a cypher y the common ^ difference being 1 ; the 
sum will be equal to half the product of the greater ^ and 
number of terms ; thai is, putting g =: the greatest term^ 
n = the number of termSy and S = sum of the series : 
S = ^ng. 

+ 1 + 2 + 3 + 4 ; then, S = 4x5H-2 = lO. 
For the reason of this, see Arithmetic^ 



PROPOSITION III. 

In a series of squares, whose sides or roots form an arith- 
metical progressiony differing by \y and commencing with 
a cypher; the sum of such a series is equal ^ of the greatest 
term mtdtiplied by the number of terms ; when the series 
is iivfinitely continuedy that isy S == ^ ^^ n. 

1. Thus,0+l+4 = 5. But4x3 = 12; then,^=r^ + ^. 
2.0 + 1+4 + 9 = 14. But9x4 = 36; then,^z=i + J5. 
3. 0+ 1 + 4 +9 + 16 = 30. But 16 X 5 = 80; then, 2« = 

In the first series, where the number of terms is 3, the 
sum exceeds ^ of the greatest term multiplied by the number 



42 AFFENDIX. 

of terms, by ^ ; in the second series, where the number of 
terms is four, the sum exceeds ^ of the greatest term multi- 
plied by the number of terms, by A ;. in the third series 
the excess of the sum above ^ of me greatest term mul- 
tiplied by the number of terrti&, is ^^ ; l^otti whidi it sl|i|»^ars 
that, the e^ceii» of the mtn of ihe series above ^ of the fro- 
duct of the greatest ami tiumber of terfns, is xsontisimlly 
diminidiing, according as the number of terms tncreases ; 
therefore, when the number of terms is infinite, the excess of 
the sum of the series above ^ of the product of the greatest 
and number of terms, must necessarily be infinitely small, 
and. consequently less than any assignable quantity ; which 
excess may then be considered as nothing ; hence, the sum 
of the series, when the number of terms is infinite, i$ equal 
to ^ of the product of the greatest term and number of 
terms* 



PROPOSITION IV. 

In a series of cubes, whose roots form an arithmetical pro^ 
gressiony beginning with a cypher, the common difference 
being 1, and the number of terms infinite, the sum will be 
equal to \ of the product of the greatest term, multiplied 
by the number of terms; that is, S = ^ ^ n. 

U Thus, + 1 + 8 + 27 =36. But 27 X 4 = 108 ; 
<*ten, ^ = i-f.^. 

2. + 1 + 8 + 27 + 64 = 100. But 64 X 5 = 320; 
then, joo ^ J + j^. 

3. + 1 + 8 + 27 + 64 + 125 = 225. But 125 X 6 
= 760; then, f f^ = ^ + ^. 

In the first series, the excess of the sum , above ^ of the 
greatest term and number of terms multiplied together, is ^ 
in the second series, the excess is only -^ ; and in the third, 
only -^ ; therefore, it is obvious that when the number of 
terms is infinitely great, the excess must necessarily be in- 
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finitely small, and therefore, less than any assignable mmn- 
tity, which excess therefore may be considered as notiiing. 
Hence, the truth of the proposition. 



PROPOSITION V. 

Jn a series of biguadrcUes, wRose roots form an arithmetic€d 
progression^ beginning with a cypher ^ the common differ- 
ence being 1, and the number of terms infinite^ the sum,rf 
such a series will be equal to j of the product of the greatest 
term and number of terms multiplied together ; that is. 

The truth of this Proposition may be [N'oved, as in the 
foregoing Propositions, by allowing ihsii the excess of the 
sum of the series above, the result of the greatest term and 
number of terms multiplied together, vanishes, when the 
number of terms becomes infinite. 



PROPOSITION VI. 

In kng two ranks of proportionals^ having the same number 
of terms, whether Jtnite or irifinite ; the first term of one 
series is to the first term of the other, as the sum of all the 
terms of the first series to the sum of all the terms of the 
other. For the truth of this, see Arithmetic, 

To apply the preceding Proposition to geometrical quan- 
tities, it will be necessary to suppose a line to consist, or to 
be composed, of an infinite number of points : sl surface of 
an infinite series' of lines, either curved or straight: a solid 
of. an infinite series of planes, or superficies. 



. „ PROPOSITION VII. 

The area of a parabola is equal to ^ of its circumscribed 

paraUdogram. 
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Draw B d parallel to A S, 
and S d parallel to A B, con- 
ceive Sdto be divided into an 
infinite number of equal parts in 
the points f, g, h, &c. through 
which conceive a series of pa- 
rallels to be drawn, such as 
fmy gfhy hF, &c. meeting the 
^emi-ordinates amy en, ^P, 
'&c. in the curve, at the points i 
m, n, P, &C. I 

Then, from the property ot 
the curve, (Prop. III. Cor. 1.) we have the following ana- 
logies, viz. 




SA : AB« 


:: Sa : om« 


SA : AB« 


:: Se : en^ 


SA : AB* 


:: S^ iyp\kc. 



ButSa=/fn, Se =^n, Sy = ^P, S A = rfB; therefore, 
by inversion, we have 

4 

AB^ : rfB::yP* : ^P 
AB* : rfB :: e n^ I gn 
AB« : dB :: am^ i fm, &c. 

In these proportions, am\ en\ yPS &c. are a series of 
squares, whose roots S^ S^, S^ &c. are in arithmetical 
progression, beginning with at S, the commpn difference 
being 1, and number of terms infinite; and as the lines 
f niy g Hy h P, &c. are as these squares having B d the 
greatest term, S rf, the number of terms ; then the sum 

of all the lines, by Prop. III. will be S = r ; 



but SAxABzzBrfxSrf; therefore, 



SAX AB 



= (S) 



the sum of all the lines f m, gny hFy &c. which constitute 
the space S cf B S, outsioe the semi-parabola. But the area 
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of the parallelogTam ASiiBisSAxAB; thereforcy S A 
X AB — iSA xAB = §SAxABisthe area of 
tlie semi-parabola A S P B ; therefore, the area of the whole 
parabola will be equal tofSA X 6B;butSA X ^Bis 
the area of the circumscribed parallelogram, hence, ,the area 
of the parabola is § of its circumscribed parallelogram. 

To prove that the parabola is f of the circumscribed 
parallelogram by another method, teke any point P in the 
curve infinitely near B, (conceive B F to be drawn.) Now, 
from the nature of the parabola, the afigle P B D = angle 
P B F, also B D = B F, and P B common ; therefore, 

ilV. 1.) the triangles P B F and P B D are equal. Again, 
J P Q and F P Q are equal ; and consequently, their sup- 
plements are equal, viz. L P B = F P B, and L P = P F, 
by the property of the parabola, and P B common ; there- 
fore, the triangles L P B and F P B are equal ; hence, the 




^triangles D P B and L P B are equal ; but the triangle 
L P B = triangle D L P ; therefore, the triangle D L P = 
D P B ; hence, the space D L P B is twice the triangle 
B L P, and therefore, the space D L P B =: twice the tri- 
angle B P F. In like manner it may be shown that the 
space D R A Q P B is twice the space B P Q A F B. 

Make R H = F W, then the parallelogram G R == twice 
the triangle B F W ; therefi3re, the space B A H G is double 
of A P B W A, and consequently, the parallelogram W G 
is three times the space W A B that is, the space A B W 
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is ^ of the parallelogram W G. But G R = WS and S A 
= AD .-. G W z= 2WN. Now, as the space ABWis 
^G W, it is f WN. Henee, the parabola B AC is f of 
the parallelogram C N. 

To prove what was assumed in the 'foregoing demonstra- 
tion, viz. that the angle P B D is = the angle P B F. From 
the nature of the parabola P F = P L and the angle D P L 
being infinitely small, causes no sensible difference between 
PD and P L .-. P D = P Fand BP is common in tlie two 
triangles; also B D* r= BF /. (8*1.) the angle PBF = 
PBD, 

PROPOSITION VIIL 



Every parabolic conoid is equal to half its drcwnser^ed 

cylinder. 

If the semi-parabola B S A be made to revolve about its 
axis S A, the solid thus formed is called a parabolic conoid, 
and may be conceived to be constituted of an infinite series 
of circles parallel to its base B B. 

From the property of the curve, Prop. III. S A : A B :: 

. « r. / A B«\ ^ 
A B : P r = •o-T-y the parameter. 

Then, ^a%V zsiha* 
SexF-f^ 

SyxP=^y 

Here, if S o, S e, Sy, &c. be 
a series in arithmetical progres- 
sion, then, Sa X P, S<r X P, 
Sy X P, &c. are in arithmetical 
progression, therefore, h o*, fe\ 
gyS are k series in jkritiimetlcal ^ 
progression, beginning atS, the 
first tesm^ being 0, the common^ 
differieniSel, A.BS the grejitestB 
term, aaid S >Ai the number of 
term*. Tbei«fcre,: A B^ X i 
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S A = S9 the sum of the series, (Prop. IL) But the aien 
of the circles, which constitute the solid, and whose radii ai^ 
ba,fe, gy, &c. are, (2 4a)* X «, (2/«)« X n, (2^y)« X », 
n being equal to *7854 ; therefore, putting (/ 7 2 A B, and 
A = S A, the sum of all the circular areas constituting the 
parabolip conoid will be ^nd^ A. But nd^hiA the content 
of the cylinder, the diameter of whose base is <f, and height 
A, therefore, the parabolic conoid is half of its circumscribed 
cylinder. 

Cor. The solidity of the lower frustum of a conoid cut 
off by a plane parallel to the base, is equal to half the sum 
of the areas of both bases, multiplied by the height of the 
frustum. 

It has been shown in the Proposition, that the areas of 
the circles which constitute the frustum are a. series in arith- 
metical progression, the sum of which is equal to -^ the sum 
of the extremes multiplied by the number of terms; but 
the extremes are the areas of the two bases of the fhistum, 
and the height the number of terms ; therefore, S = f ( A 4r 
a) X A) S being the solidity, A the area of the greater basc^ 
a the area of the less base, and A the height o£ the frustum. 



PROPOSITION IX. 

Every paraboUe spindle is equal io^<^ iis dreumseribed 

cylinder. 



Draw Sc? parallel to AB, and also, y*a, ge^ hy, &c. pa- 
rallel to A S. It has been proved in Proposition VII. that the 
linesy*m, ^n, AP, &c. are as asenesof ctquares, whose roots 



H y S' A d 




X ^ ^ ^ ^ 
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form an arithmetical progression ; therefore, the squares, viz. 
ffff^y gn^y AP*, will be as a series of biquadrates, who^e roots 
will form an arithmetical progression. 

Now, the spindle is generated by the segment i S B re- 
volving about h B ; and the solid itself is composed of the 
series of circles whose radii are ma, ne, Py, &c. 

Again, S A — fm := ma 
S A — g n := n e 
SA — AP = Py, &c.; therefore, by squaring, 

1. S A« — 2 S A Xfm +fm^ zzma"^ 

2. SA^ — 2SAxgn+gn^=:ne^ 

3. SA* — 2SAx^P+AP* = Py, &c. 

In these equations, S A*, S A*, S A*, &c. form a series 
of equal squares, of which A B is the number of terms, 
therefore, their sum will be S A' X A B. 

* • . 

And because fm, gn, A P, &c. are a series of squares, 
of which S A is the greatest term, and A B the number of 

S A X A B 

terms ; their sum will be 5 , (Prop. III. which 

:being multiplied by 2 S A, will give the sum of that part 
of the equation, 2SA X/i», 2SA X gn, 2SAx*P, 

. 2SA» X AB 
»C. viz. :; . 



' Again, jfm*, ffn\ /*P^ &c. are a series of terms of 
biquadrates, as has been shown above, whereof dB% or 
S A* is the greatest, and A B the number of terms ; there- 

fiwe, their sum, (by Prop. V.) will be ^ 

O ' 

Hence, it is obvious, that the sum of ma\ ne*, P^, &c. 
will be 
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s A* X AB - *i!^!?«^ + 1*!4AS = 

6SA, X AB 2SA«xAB aSA'' X AB 
6 3 15 

But the areas of the circleSi whose radii are S A, mo, n «, 
¥jf, &e. are fouiid by midtiplyaig the squaies of t&eir dfon 
meters by *7Q54 (= fi) ; therdbre, the sum of double such 

a series of cirdes is ' , ■■ , putting D = 2 S A, H =i 
2 A:B «: the sot^dil^ o£ the v^le Hpindle. 

Bt|t the selilBty of A^ circutnscribed eyH&der is » D^ H ; 

• 8 n D' H 
therefore, the solidity of the spindle, viz. ■■■ ^u ' t is the 

eight-fifleenth of its circumscribing cylinder. 

Cor* From this ifiay- be derived ^ method of finding the 
solidity of the firustum, S A^p, of a spindle« 

* •<■ r > 

Th(s\ ii^e^ ef a circle^ wh(oae i;adius is S A, being the 
greatest term* ax^i the^ea of the cirde whose radius is Py, 
the least term, and A^ the number of terms ; then the sum 
of such a series, that is, the sum of all tlie circles included 
between A and^,. will be the solidity of the r^uired 
ihistum. 

' Prom wh&tilasl>een ^hown in die {^(^Kisition, the sum of 

all the series S A*, ma\ gn\ Py*, is (s A« — 

- — W A ^ + -^) X Ay which let = Z, By multiplying 

the'equatloiiby3^^^ge«\8ftA ^ 2$A X *p + *^) 
X Ay =r 3Z, 
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Divide both sides of the eqdiition by Ay^ udA .3 S A? — - 

2SA X Ap + 2M-: J^5 butSA« — 2SA X ;^P 

= (SA — 2A;>) SA = {py ^hp) K (py + hp)- 
py^ — hp^ ; then the difference of these will be equal, 

th«ti8,2SA«+^ = i|-|.y» + */.% and by 

« * • 

3Z ' 

transposition, 2S A* + p^ — \^^ = -r— 5 divide by 

3 
^, and we get (2 8 A* + ;>y* :*- f A/>*) ^ Ay ti: Z. 

Then, putting D s; 2 S A, C s::. 2|»y, ,d s: %Kp^ and L 
= Ay; (2D« + C« — ^ rf^ X L X -2618 isthe soHdity 
of tfaefiFustura.. 



PROPOSITION X. 

A $oUd^ formed by the Totatiofi of an hyperbola upon Us 
aicisy is to the oircumseribed eyhndery cls hal^ the trems* 
verse •\' ^ the abscissa^ to the st/tm of piie transverse and 

abscissa. 

Let t and a be the transverse and abscissa, P the para- 
meter, n a quantity, by which, if the square of any i^us 
be miiltij^ed, the pft)duct will b^ the ar-ea of the circles- 
See Fig. Prop. y. 

P 

By Prop. V. m K* f= t X (^ ^ + jr*) ; therefore, the 

arpa of a circle whose radius is m K, will be -j- X (< « + 

• » _ 

r^), and the sum of all the circles between A and K roust be 
\ / ^ X (i^ + Ja?)> but the solidity of . the., ciroum.t 
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scribing cylinder «P£ >^ (^ + ,). therefore, the hyper. 

bolic conoid is to the cylinder as^t + ^^to^-f"^- 

Cor. L 3t+2» will be to 6 4 + ^ ^ "^ ^he same 
ratio. 

Cor. 2. When the abscissa becomes equal to the trans* 
verse, the conoid wiU be to the cylinder as 5 to 1 2, 



N^ • 



;r 
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DEMONSXaATIOJJS, 



Dem. 1. 360 degrees divided by the number of sides, will 
give the arc A B, which is the measure of the angle A • B, and 
A B being deducted from 180 degrees, will lentve the sum 
of the eqiud angles o A B, o B A : therefore, half the re- 
mainder will give the ande q A B or o B A. which is half 
of the angle £ A B. or A.B C ; hence, the angle A o B 
taken from 180, will leave the angle EAB, or ABC. 
(Page 18.)* 



2. Having the side AB, which in 
each of the polygons is 1, we can 
easily discover the side pB, the 
radius of the circumscribed circle ; 
thus, let fall the perpendicular ojr, 
which bisects A B, (3 III. Euc.) 
then say, as sine of the angle « o B, 
which is ^AoB, is to *5, (=4^ 
A'B = 4rB) so is radius to o B. 
(See Trigonometry.) In the tri<^ 
gon, the angle 4r o B is 60^ ; then. 




• This and Bimilar references are to the pases of the Mensuntion, 
where the rules are given, and where also Ae figures, unless given with 
the DemopstFRtions, «ro to be foifnd* 



AssiAejtoBeOo • . • . 9^937531 

IstojpP*6 1-698970 

So is nidiua 90<' .... lOOOOOOO 



9-698970 
9-937531 



To o B -5773503, . . . —1-761439 

Now, to find the radius of the circumscribed circle, that 
is, o B, when the side of the, triangle is of any given length, 
as, 10 yards, 10 miles, &c. From the property of similar 
triangle, 1 : *57T350^ :: 10 (= A B) : 10 X -5773503 
(= B.) The rest of ihe tabular numbers inay be ibund 
in a similar manner. The reason of multiplying the side of 
any polygon by the number corresponding to it in the third 
column of the table, may be seen from the last analogy. 
(Pago 18.) - ' 

8. Let the circumference be denoted by C, and let, ^ denote 
the number of sides in the polygon ; also, let A B W divided 
into n parts | join C o. 

The angle A o C \s ""J is given, as also the angle o^ A C, 

C A (=: 90 — —\ is given ; A o (= |) being given, 

/ * * 

^ * A=!F 2 "^ ^ / ^^ given; therefore, C z caa be fowd, as 

also the angle A^C, or lis e(|ttal Bzoii heace^ the com- 
pliment of the angle ozXf viz. bxz can be found ; and o z 
be ing^ given, « x can be feund^ and beaoe^ ^y* ^itfi be Ibimd, 
wbji^ will b^ found to be | of oy nevarly, beiH^ the con? 
striK^tiou is obvu»^ (Fage, 19^) 

4. Draw £ O-at right angles to A B, £ being th^ centre, join 
£B and £D. Let the radius £B and Gp height of the 
arc b^ given; th^ £t/>is£iv^; aAdusis ]3B^£ii),tt[idD¥lrai!Q 
given, the angle £BD can be found ; and as £ B, Bp, and 



or 
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E j9» are given, the angle £ B p can 
be found ; and hence, the angle C B 
can be found. Now, as CB, BD,^ 
and the angle C B D are given, the 
side C D can be found, which will 
be found to be equal to half the are 
nearly. (Page 20.) 

5. Let the lihe A C be assumed equal to the arc A B, join 
C and the extremity B, of the given arc, and produce 
C B to meet the production of A o at m. 

Now, because the. arc is given, its sine BP is given, 
and also A C; then, by isimilar ^ 

triangles, A C : B P : : A m : 
PfTi; and by division, AC — 
PBiBPxAm — Pf»(= 
AP) : Pot; andAC — BP, PB, 
and A P^ (this being the versed 
sine of the arc) are given ; hence, 
P n, and therefore, mil can be fbuni, 
which, when compared with- the 
radius o n, will be f of it nearly* 
Hence, the reason of the construc- 
tion. (Page 20.) 




6.ABxAS=:AC«(8. VI.) ; and the diameter of a 
circle being to its circumference as 7 to 22, nearly, as* will 



be shown hereafter r then 7 : 22 :: AB : 



AB 



X.22 = 



the circumference of the circle^ whose cfiameter is A B. It 
will be shown hereafter, that half the diameter multiplied 
by half the circumference will give the area of the circle ; 

. - AB ,, AB 14 ,, 14 

therefore, -^ X 11 X -§- = y X 11 X ^ = V ^ 

11 X Y =* 1^^ 11 « ^^ X AS a: AC«* Hence, it 
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appeus tbil.tbe ^Oate cf A C, viz. A G D G, is nearly 
equid to the area of a cirde, whose diameter A B contains 
14parts> and the distanoeAS, from the perpendicular, U 
of such parts* And if 7 mid 22 w^e strictly to each other 
as the diamet». of * cirde to its circumference, the square 
of A C would be. the true area of the circle whose diameter 
is A B ; but the ratio of 7 to 22 expresses only the approxi- 
mate ratio of the diameter to the circumference, these being 
incommensurable ; theiefore, the square of A C only ap- 
prpadies the area of the circle, differing, however, from thie 
truth only by a very small quantity. (Page 20.) 



. 7. qPbeing^ivided S 
into ten equal parts; k. 
it follows that if CF. 
be a unit, FZ, Z2, 
Sse. will be . eiacb 



Cfi CO t^ O \i> "^ 



>» fa 




Fig. 2. 



l-10tb of a^mit ; if C F be 10, F Z, Z 2, &c wiU be «ach 1 . 
Again^ let the triangle EFar (Fig.* 2, above) represent the tri- 
angle £F^(Fig.l,page21, Mensun^tion,) and let E^rbel, 
then, by simuar Mangles F£ (10) :£ir(l):: FJ(1): la; 
that is. 10: 1 :: 1 : ^^ = ^ «• Also, F E (10) : Ejf (1) :: 
F2 (2) :2ft; thatis, 10 t 1 :: 2 : ^ = 2b. Hence, it 
appears that the three divisions form a continued propor- 
tion, the ratio being 10. (Page 21.) . 

8, If the length of a rectangle be 6 feet, and the breadth ^ 
foot, it is evident that the rectangle will contain 6 squar^ 
feet ; if the breadth be 2 feet, it will contain 12 square feet ; 
and so on. Hence, it is evident that the rectangle will con- 
tain 6 square feet as often as, or the nwnher ^times that, 
the breadth measures 1 foot ; and, generally, if the length 
of a rectanglie be u feet, and breadth b feet, the area will be 
a square feet, taken as often as b contains 1 foot. If a and 
bf or .either of them, contain fractions of a foot, thefee fiiac- 
tipiis are, in Cross MuLTim^icATioN, expressed duodeci' 
ftioMy ; that is, by a system of numeration, in which 12 is 
the base instead of 10; 4nd the same rule ijoay be observed 
as in. the muStaplicfttiOn of dedmais, namely, there must be 
as many duodecimals in the product as in both the multiplier 



and midtipliamd. To begin to ttmltlply by ihei Inghttt de* 
nomination of the multiplier, as la usual, is not necessary ( 
we miefat proceed from right to Idt with both multiplier and 
multipHcand, skipftog a place, as in decimals. What are 
usually denominated iueheti in the result, are not inches in 
reality, they are twelfths of square feet, whereas a square 
inch is -yii ^^ ^ square foot. A similar remark will apply to 
what are usually called parts, &c. (Page 25.) 

9- Becahse the parallelograms A B C D, and A B F E, are 
equal (35, 1.) ; but the area of A B F £ is found (Problem 
II.) by multiplying its length by its breadth ; that is, the 
area of ABfE is equal to AB X BF sz DC^X AE» 
which is the rule. "^ 

Note. The continual product of any two sides of a pa- 
rallelogram, and the natural sine of their contained ai^le 
will give the area ; that is,ADxDCxbythe natml 
sine of the angle D, will give the airea. Because, AD.: 
A£ :: I I the natural sine of the inde D .*. A£ za AD 
X by the natural sine of D .\ A C XV C, that is» the area^ 
s: A D X D C X iMural Bine of D. (Page 2d.) 

10. The product of the base by the perpendicular height 
gives the area of a rectangular pai^lelogram, whose sides are 
equal to the base and perpendicmar of the triangle, i(Prob. II.) ; 
but the triangle being half of the parallelogram! (41» I.) 
it follows, that half the product of the base and perpen* 
di^ular will give its area. (Page 29.) 

. 11. Put A C =: a, A B =: i, B C = c and l0t ba)f 
the sum of the sides be denoted by S, that is, S s: 

AB + BC + AC J,- ,^ ^,, . 

— — — — ', and let T equal the area of the tn- 

. angle; then, 2ACxCD»««+tf'--** (13. II.); 
therefore, C D ^^Lt^JiZ^. Again, B D « = B C * 

^ CD« (47, L) s= 4?^ ~ C^2a~^ ) • ^"^ ^^^"^^ 



m 

*f -Jl -X =s ■■! »A' I • . taeooDr^y. l' ss im n .m ^ m n a 
' ' ■ .^' % i but dli» expression, consisting 

or the jiffer^nce of two square, ("4"/ ^^ \ 4*^ / 

which being equal to the rectangle under their sum and differ- 
enc^j, (Qpv. 5^ Ui) ma^ ^ trans&iwed inta tb^' fo^w»g 

, . r^ 2ac + a» + c* — fc« 2ao— a*— c*+ft« 

e sy p yfj|wmn ,Yi:^^'i;*ag T ■ / . .. . x—i >y > n, 

ss ■ *> . X ■ ^ ■ y ; and by decomppsing 

these factors agam, we get T* =: j — r- x "^ ^ ' ■ ' 

+ 6 — c — a + i + <?-r. t 

X tJ ' X 5 • From the assumption, 

b = g , b — ft = ^ , p. — c = 

T- , and S — c = 5 . Hence, by 

substitution, T* =r S X (S — a) X (S — i) X (S — c) ; 
and T = ^ (S X (S — a) X (S — 6) X (S — c) ) 
which i8> the. rule. (Page 30.) 

If two sides of any triangle, and the contained^ angle be 
^yep» the arei^ may be found by. multiplying, the sides 
together, and the podnct by the natural sine of the cpn- 
tfU9^ apgl^, and dividing the result by % Th^i^ is evident 
from Demonstration 10, and note to Demonstration 9* (Page 
239-) ^ 

12. This rule is a corollary to the 5. II. Elrington's Euclid. 
(9age3a) 

'* - * » * 

13. C.W «. BD' 3 CD? (47. L). but BD* =x S^ 

c5 



58 

(Cora- 26: I. and 4. II.) therdfore, (CB» — ^) X 

C B' ' 

. ■ = the square of the area as may be derived from- 

from Pr6b; IV; Hence, V ((C B« — i^) X ^> = 
area of the triangle which is the rule. (Page 32.) 

14. By the foregoing Demonstration, the area of an equi- 

4/3 
lateral triangle, each of whose sides measures 1, is —r- ; and 

similar triangles being to each other as the squares o( their 

V 3 

homologous sides, (19- VI.) We have 1* : AB*:: ■ . ■ • 

-^ X ^ 3: (Page 32.) 

AB _ AB 

area 



15. C D X -J- = area (Prob. IV.) .-. -j- = Pd'"*^ 

area 
A B = jrjj X 2. (Page 32.) 



16. The truth of this rule i& evident from 47. L and from 
a Cor. to 5. II., which says, that the rectangle under the sum 
and difference of two quantities is equal to the difference 
of their squares. (Page 33.) 

17. By the 8. VI. AB X BD = BC«. Hence, BP 

BC* 
= T^> which is one part of the rule. Again, A D X D B 

= D CS (8. VI.) hence, DC= v^ADxDB, which 
is the second part. (Page 34.) 

18. By Prob. IV. the area of the triangle A B C s: 

, and that of the triangle A D C = ^ 

Then, the sum of these two areas will be the area of the 
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. ACxBF , ACx.DE BF + DE 

trapezium, yiZt 5:^ — + ^ = " "J"^ 

X A,C, which h the rule. (Page 35.) 

■• 
19. Let 'A C = «, C« = 5, BD = c, and A D = rf; 




also, let the diagonal A B = 4r. Draw D G parallel to 
A B, meeting C B produced in G ; join G A ; and from A 
draw the perpendicular A F (p), A E (/)'). Because D G is 
parallel to A B, the triangles AB D and A B G are equal, 
<37. 1.)> to each add the triangle A B C, then the triangle 
A G C is equal to the quadrilateral A D B C, inscribed in 
the circle. Now, as the triangles A G B, A D B, are equal, 
their bases G B, B D, are reciprocally proportional to their 
perpendiculars p and o'; that is, D B : B G :: /> : />'. 
But the triangles AD£, AFC are similar, being right- 
anglad at E and F, and the angles A D £, and A C F, . sup- 
plements of the angle A D B ; therefore, (4. VI.),jo : p' :i 

d :. c : BG :: a t d; hence, G B = ^, and ^ =i 



a 



a 



a2 + 62_25xCF (IS. II.); also, «r» = c« + > + 
2c X DE<12. II.); therefore, 26 X CF = a* + ft» — 
(^ + tP) _ 2c X DE; buto : d :: CF : DE /. DE 

; then, by substitution and transposition, we 
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°'^= 2 (a6 + erf) {<2«* + 2crf)»- («'+ *•- 

Xp=: Ihe area = (by substitution) 7 1 (2 06 + crf)» — (o* 
+ J» —^c* — «?*)' I *,= i |(2aJ + 2crf + a» + 6* 

— c» — «F),X (2a* + 2crf-. <4* — 6' + c« + «P)[^ 
= 4 {(«* + 2 o 6 + 6« _ c« + 2 c d — «!') X (— a« 
+ 2ai — 6« +c» + 2crf + <P)|*=j-[[(a + 6)«_ 

(e - df] X [- (a - »)« + (c + rf)»jU=i/.(a + 
h + c — d) X («+)*— c + rf) X (a — ft +c +:<0 
X (_« + 6 + c + rf)}* = { (^i-±±±S±J _ 1^) 

X it±^s+J_,) X (»Jiiii£+i _ j) 

X V ~2 ^) f ^ = (putting S 5r o H- d + 

'+'«{|-4)x:(|-.)^(|_»)k(|_4}» 

-which ig the rule. (Page -36.) 

Tliia may be demonstrated geometrically, • thus :— 

A I^^D ^^ C B be the inscribed trapezium ; bisect the angle 
A CB by the line CE,, a^idfrovi the point E demit the per- 
pendicular E F, on the Kne A B, which will evidently 
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bisect it, fuidralso be the diameter of the circle ^ join* E At 
£ B, and A F ; from C let fall the perpendicular C G, and 
from E> the perpendicular £ 2r» on the fine A C. Make C I 
:= CB; join BI, IE. Then, lE, and BE, die bases ot 
the triangles I C £» B C E» ,are eaual ; (4. I.) /. I £ =r 
A£; and) therefojre^ A x s= ^.AJ^ that is, A a^ = half 
the difference betwec^n AxC ajid C B ; .•• C xr =; half their 
sum* Fqr the same reason, Dy is half the sum of the Knes 
A D and D B> and Bjr half their difference ; therefore, C z 
+ Dy =; half the sum of the four lines AC, CB, BD, 
D Ai Jthat is, C^ + Dy s: half the perimeter of the in- 
scribed trapezium A C B D. Then, if from C 2r -f- D y, 
each side oSf the trape^sium be sybtra^tc^, respectivdy, the 
four remainders will evidently be D y — Aar, Dy + A ar, 
Cxr— >By, Q, z -|- B^; which, being multiplied 
together, will give<Dy* — A«*) X (Cii^ -^ By*.) 

But \^ sz FG X oE. For the triangles AzE and 
FGC being sunflar, A«»: 0E« :: F<3« : GC« ;: FG« 



: FG X GE :: FG t GE. And A#« + *E« (=: AE«) 
: AV :: FG + GE (= F E) : FG :: FE x oE : 
FG X oE; lMitF£'X)»£ ss A£«, F A E being a right 
angle; therefore, FO x oE s Ajr«. 

Again, Cji^ zs Fo X GeT^ For it ig obvloug that Cz^ 
5= CE« — E A» 4^ A;y« isr'GE x FE — o« x FE 

+ oEx FG = GE X FE — GE x oE = GE X 

(FE — oE) 5= GE X Fo. 

. \ < 

In a/sitnihur manner itmay bej)it)vedthat By =r Fo X 
EH, an4Dy« = f H X Eo; therefore, (pf — A^) 
X (C iflT* *— B V*), the continual product or the four re- 
mamders,^ = (FH x Eo— F G x E o) X (G ? X F o 
— EH X Fo> s: <(F H — F G) X E i) X ((G E — 
EH) X Po) =s GH X.Eo x GHx Fo = GH« X 
£o X F«> ::r GH^ X oB^ =r square of the area of the 
trapezium ; because C K X o B = artea of the triangle 
ABC, and D 4r X oB = area of the triangle A D B, then 
(CK + Dx) X oB ^ area *of the trapezium, but C K 
+ D# = HG. 

20* Bisect AD in X} : through G draw £ F parallel to 
C B, and G H parallel to A 5 ; produce C D to E. The 
triangles A G F, and E G D are evidently equi-angular, and 
the »de8 A G and G t> equal ; therefore, these triangles are 
equal. (26. 1.) Hence, the trapezoid A B C D is equal to 
the parallelogram F £ C B, but the area of the parallelogram 
is equal F B X C P. (Prqb* HI.) Again, it has been shown 
that tha triangles E D G, and A G F are equal in every re- 
spect; hence, ED = AF,and£C = FB = GH, (34. 
I.) therefore, G H ia half the sum of £ C and F B ; that is, 

EC + FB DC + AB • . DC + AB 

G H = ^ = 5 ; wherefore, j 

X C P gives the area of the trapezoid. (Page 37.) 

21. RiTi.fi h- Every regular polygon may be divided into 
as mitoy equal triangles as the figure nas sides, by joining its 
centre to the vertices of its angles, therefore the area of one 
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of \Aetnan|lt8 mUtlpUad^ die nuaiber of flidet, witt^givis 
the «ea of die pol ygoii. Buttheamof oiMdf thetiliitgjoi 
is found br multiplying the peipeiiihcukr hy htM dit basey 
(Prob. IV.) therefore the area of the whole nolygfm is equal 
to the product of the perpendicular and halt the sum of the 
sides. 

RuuB II. Regular polygons having the same number oi 
sides, are similar to each other ; and similar figures being to 
each other as the square of their like sides, (20. VI.) ; there- 
fore, as the areas in the Table are those of polygons whose 
sides are 1^ it follows that 1' is to the area in the Table as 
the square of the side of the polygon to its area. 

RviLR III. The perpendiculars from the centres of two 
regular, similar polygons, will evidently be proportional to 
their sides; therefore 1 : perpendicular in the Table :: the 
side of the polygon : its perpendicular. 




The polygons A B D E F, and a b defeat nmilar in every 
respect, and tl|e ar€» and perpendicular of lb) «faail polygon 
are found in the Table tothe side L 

The tabular numbers are fomid by Trigonometry, thus, 



i6 73.degweBlbrthemagleaadt4ltoiMt^ aOdegrcea^ is the 
8fii^ a&gle «( o c =^ 36^ 



is to a c = '5 (=-^ =i) 
80 \b sine angle o a i;=:54' 



-1-6989700 
>9079576 



^■^ 



.V • ' 



to perpendicular coss •686191 



9-6()e9276 
9-7692187 

-1-8377089 



BSence (-688191 X5) -r 2 = 1-720477 = the area of the pen- 
tagon whoae side is 1. The rest of the nupiberg in the 
faUe are calculated in a similar manner. These may be 
found by other methiDds, some of which are rather difficult. 
The perpendiculars are the radii of the inscribed circle. 
(Page 40.) 

22. Let A B D F and a b df be two squares* one circum- 

E 
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scribed alMmt, and the .etterSiiMifllied!»tt effete? leiFD 
be 2> then the area of ABDFte4, and of a M/ 8 (6 
and 7, IV. and I. 41%) : thence it is reqidred to find we vnm 
of two cHh&t regular fc^gotm of double the number ef 
sides, (eight,) the one drcumseribied, and the other inserlbedi 

Firsts it is evident that ogfMvA oGV wt% similari and 
are.alsolike Dortions of the »|uaresa&d[/*a»and ABDPA; 
it is also eviaent that the triangle pGf% and the quadrilateral 
o G hf^ are like portions of the inscribed and circumscribed 



polygons^ of which G/* and& % are aides; aod as gf^ 
paraUeltoG F, o ^ : o G V.ofi o F; but o^:oG;; 



the triangle ogf : o G/ (1. VI.^; for the same reason of : 
o*F : : the triai}gle o Gf : the triangle 4> GF } there&re, oy 
equality of ratios, the triangle ogf : o Gf : : o Gfi o G F » 
therefore, the polygon GfEdC 6 Qa is a mean proportional 
be^eenaiif/aandABDFA; butatJ/iaAa fld A B 
D F is 4 s therefore G/£ dCh QaiR equal V2xl 
= 2-8284271. 

Again» because oh bisects the angle G o F» G n^iiLJE^ or 
go:o/::GAiAF(3.VI,)but^.o : o/:; ^^ : o G 






the triangle ^ Jf /: P Gf; mio g : o/(=oG):: o Gs 
oF:: Ghiht:: the triangle o G h : the triangle o A F s 
then from equaUty of ratios llie triangle o gf : ^ triangle 
Gf :t o G. A : the triangle ok F. Hence thetnscri^ 
figure a h dfis to its derivative inscribed figure Q/^C^Qn 
as the trifkDgle^GAtothetriai^leeAF; and as magnitudes 
are prpportioniils by conversion, and also by the similar in- 
crease of their homologous terms, it follows that abdf and 
G/£tfCi do together are to twiqe ahdfa& the triangles 
G A and o h ¥ together (a? o G F) to twice the triangle 
oG*(= oGhf)i that i^ a 6(1/ together with G/ErfC 
b aa is to A STD F as 6 G F to <» G &/; but o Q F and 
o G hf are like portions of A B D F and ;r hifcwv^y^ 
there&e abdf and GfEdCbQa together are to A B D P 
as ABDF to ^& • ktovzy. But abdf =:2y andG/£ 
dCbdazsi 2f82$427;i } hence 2 + 2*8284271 t 4 : : 4 (= 
A B D F) : 3-3137005 =; ib9weA9hik¥fvz^. 

From this U appeisrs that the two iMoribed polygens stfe 



w 



^W^'^^w^^i^^ 



ia tlric# Ihe jpitifmtkf^ iiAcribed polyeoHy as the lur^ of the 
ei^ciuiiscribed polygoo, to the area of the derivative clrcum- 
aoribed Polygon.having doi^ble the number of $ide9. Henc^ 
to find the area of the inMprU>ed polygon of 16 aides, which 
ilameiw proportional between 2*dS^4271 Mid 3*3137085» 
we multiply them together* and extract, the square^ root^f 
theprodwct, thus, V (2-8284271x3-3137085)i=: 3-0614674; 
and to find the area of the circumBcribed pdygon of 16 
aides, we say, as 2-8284271 + 3-0614674 : 2 x 2-8284271, 
or, 5-8898945 : 5-6$68542 :: 3-3i37086 : 3- 1825979- 

' Pursuing this mode of odctilation, namely, extracting the 
square root, and finding a fourth' proportional alternately, the 
foOowing table may be formed,* showing the numbers ex* 
pressing the areas of the inscribed and circumscribed poly- 
gons. 





Areas of the inscribed 


Area of the drcum* 


Nivnber of sides. 


. Polygon. 


scribing Polygon. 


•5 .. . 


2-0000000 • 


4-OOOdOOO 


' 8 .. 


2-8284271 . 


3-3^137086 


16 .. 


3-0614674 


3-1826979.: 


32 .. 


3-1214451 


3-1617»49 


64 .. 


31365485 


3-1441184 


128 .. 


3-1403311 


31422236 


256 .. 


3-141277^2 


8-1417604 


512 .. 


3-1415138 


3.1416321 


1024 


81415729 


3-1416025 


2048 . 


3-1415877 


3'141595l 


4096 


. 3-1415914 


3-1415933 


8192 ['. 


3-1415923 


3-1415928 


16384 .. 


.3-1415925 


' 3-1415927 


32768 .. 


3-1415926 


3-1415926 



As the area of the drcle is intermediate between the 
areas (^ thetiiScribed aiid circumscribed polygons, am) as 
Ihe areas of the last two in the table are tl^ aaaie in all the 
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figutet to which they are carried ocity'it'fettowsihat the area 
of the circle must ako be 3*1415926. 

Now if we conceive the ctrcimiacribed polygon to consist 
of an inimte nuaober of sides, the sum of aU is evidently 
equal to the circumference of the cirde, but the area of such 
a polygon Is ^und-by multiplying half the sum of aS the sides 
by the radius ; therefore the area of a circle is ^nmd by 
multiplying hajf the circumference by the radius ; but as the 
area, to the radius 1, is d'1415926, or 3*1416 nearly, it is 
evident that 3*1416 is half the circumftrence of a circle whose 
radius- is 1, and the dreumferences .of circles being as their 
radii, 3*1416 is the circumference of a 'drde whose diamc^ 
is 1. Hence, (if D denote the diameter of any circle its 
circtunference will be found by Ihe analogy, 1 : 3*1416 II Di 
the circumference $ the converse of thi$. is evident. 

Smaller numbers expressing the approximate ratio of 1 to 
3-1416 are 113 to 355 and 7 to 22. These numbers are 
found by continued fractions. 

To find tlie area, having the diameter.-^Since the areas of 
circles are to each other as the squares of their, diameters, it 
will be, as 2^ : D* : 3*1416 : die area of the circle whose 

D* 

diameter is D^ this zz^X 3*1416 = D* X '78539815, or D« 

X-7864. 

The diameter and circumference of a circle are incom- 
mensurable, and though Geometry furnishes no method of 
Ending a Ime equal to the circumference, yet the approxi- 
mate numerical solution given above answers ail the purposes 
to which it. may be applied. 

From what has been said, it is easy to conceive that the 
area of a circle is equal to the area of a right angled triangle, 
whose altitude is equal tb the radius of a circle,, and base 
equal to its circumference. (Page 41.) 



23. It has been shown that, when the radius is 1, the 
semi-circuffiference .is 3-1416, which being divided by 180, 



1 d^ree, to the radius L <FAge 42.) ^^ 

' • • * 

a^Lat the radiiM C I>a r» oodrine APicg; then the 
+ firc: ? md 8 A U=r 9 S +f^.+^ + &c. j therefore, 8 

4 Q'-^ A P ^6S 't'l ^H ' jpgyt * *«'» «nd *(8Al>^aAP) 

»}(« Aa-.^B)>=2SH|:^+^, &e. But ftom Trig- 
onometry, the Igngdi ef the are A D^ whose sine is S, is 
known t<^ b^ S + 553+5^^ &c. j and, therefore, th^ axe 

A DB will be 2 $ 4- jp^ij-p^ &c. ^ow wh^n we com- 
BAK^ th^ (^|:pr««Bif^ . j^. |}^ length. rf |h© aijc wi* 4(i8Ai> 
— AB)2= 2 S +57S+4g^&C'^e fmd the Aflference tobeonly 

5^p^ which pfov^p the truth of the njle. (Piige 48.) 

The reason o:^ the r\4e may be otherw^e shown thus ; Let 
arc AD B:^ 2 A, chord. AD =;c^ APi;;? !S j theo by Trig- 
onometry, A = S+-JP+ &c., and 2 A r: a S +^. Also 

A /^\' c' 

2" = 2"^ U/ ' ^^* • *^° A = c + §375.5 and 8 A := 8 c+ 

2j> 
jjj, &q.; hence 8 A— ,2A = 6 A = 8c+j-^ &q^ — 2S 



6 A 3= 8*_ 2 S, and 2 A (= A D B)c=i4f^^hicb, « 

the rule. , 

The .£)Uo»hi9. .feraiij^ ^en ftam'Dr, Mutton 4j ij^rib 
acc^at^t . ' _ — 

L et ^c = the/ diameter, and v the rend! sine, then 

^^ ^^SZip +^y^^) Xg=*^ log:* Df the arc. 

DemonHraium. From Trigonometry we Wve A -^ S 4- 
S' 3S^ ^ 3.5.S'' , , ^ "" ~.T 

23^+2^5:?+ 2:5:6:77 • ^<»: thii^ ^» a:=^^s-xp y 

S* , 3S* , 3.5.S« , , 

The leng& <* the curve A b « being ^ reniuulrf;^ iJ^B \te 
half D B, A, the versed idne D P, iv Jfine B P, «, and radius 
r; and because KPXPD=,BP«; that is, (2 r — v) Xf> 
:;; S«, ai<d theaV^^!^ — «^«^ l^siJpbstitttW tBb yalae 
of S in the above '•quation, we get A = :^(2rv v*)x 

/I + ^^^— ^« _t, 3x(2rp~ y«y^ 3'5 X(2rr — »«)» ^ 
/ By eiqpaiiding and multiplying ihese.factorQ^ ^we m?t_ 

Put2r=:e/, and we get 



• *- . * 



V , 3^1^ ■ 3jSr* 



To find the value of this series, let it be assumed = rf^/ 
jjj-r^+ n ^ ^,v ttid we get^ . — - • 
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1 

(['-7] -*+•): ■ ■ 

This being expanded, we get 
^^vX\'-i+ T+ 3. &c. + ni 

•'.«'■♦, . ; • • • • 

I 

By companng with the equation) 

T- • It 

we get the co-efiicients of the like powers of r equal |o eadi 

1 , I ^* — 1 

other ; that is, — 7 + « =5 1 ; then, » s 1 — ->-i = — «t 

g* g^ g^ 

and -x s: '— |, and J =5 Tf ^ hence, ^ » A; and ^ . == 



h?. Again, .we have -^^ g^ ; hencc^ ^ ^^ — ^j apd -5- 



r 



4 



=s A* ; therefore, ^ = ^j henc^ «»,= | >< g-f ; that 
18, j4 ■= J X i-i anJi dividing hy «-', we get g^ = g, a»d 
^ = |;but*« = ^*=© ^ClTxIl h«Ke. 

* — |- X 7, and suljBtituting these in the equation, A 5= 
^ ,/ , ■ . I , . ■ + n V dtf we gel A » li V -^ 

> 

/Yl^S- 1 . • ' 

Vdr=<5dv<5-34f5^+.4Vf'')X J; and 2A 
= (5rf ^ sAh^ +'^ ^'^"^ ^ ?, which U the rule. 

* 

25. When the circumference of a circle is 1, its diameter 
i,, by Prob. XVI. found to be -318309, and ita area m 
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•318309 ^ 1 ,ri * *• oon •318309 ^-^^^^ 

* - Q ■ X « > (Demonstration 22.) sa - . s: '079577 = 

''079S6 nearly ;W dfdes are la each Other a& the squares 
of their cifcumferences ; therefore, 1' : dr.* :: *07956 : 
area = dr.* X -07958. 

KutBS IT, apd V. 7 : 22 t^^Uameter 1 : drcumference 

22 ^ 22 1 11 

B5 Y, and the area is f:^ X^ ac: y^; hence, 14 ; 11 

7 
:: cP : area; ^ : 7 :: cjrctifnference 1 : diameter = ^> 

7 '■ •-! ' "7 — ' \ ' '' 
^^ 22 X 2 ^ 2 ^ 88 ^® *^^* ®^ * drcle whose circum- 

ference is 1 ; therefore, 1* : dr.* ;: xg : area) that is, 88 
: 7 : dr.^ : area «ir« ^heiog die 6irc«n4er^«eei (fttge 43.) 

Con Hence, if cl = diameter, c c: drcumferencSi a = 
area, fi - 3^1416. Then,\ i \ . 

» * ' * 

1st. rfsB^ =5-^ = ^/ l-j. Forn : 1 :: c ; rf,= - 

.atwi J ^ ^x a; then, c^==f*4a, and^^ = -^; a^ain, 1 : 

X. 4« 4a , .* » 4a 
n :: d : nJ ;5 c; then,-— = ^ j «= rf; then, cP s^ *-*» 



andiflr^(i^)=2v(^). 



2nd. e ^nds ^^ = 2 V 0^*)- ^''«<« = 4o .«, 






4a 4a' ..^a ' ian - - * 

c = --r ; agam, <? =• '^ ^ ^ *^ •'• ^ 'P ^ ^'•» ^^ 

4 a 2 «/ (aa). 
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.3rd. a-;-— 2E^— =^- .Ford = Hd :. jX -y 

== a ^7 -r-j and c' — 4 an .••• a = i — ; likewise^ cd =; 

c 4 tt (/ ' c 

4th. o SB ^ == --TJ- s: j-v For e =rnc^ .^ f» =: ^ and 

tKiP 4 a ^ 4a 

a = -. ; th^n, 4 a s m if 2 a n =? -jj- ; again, d» = — - 

/. w IP 2± 4 «r, And n = -^ ^ 



26. When the diameter is 1, the atea is *7854 (Demon- 
stration 22) ; then the side of a square equal in area to *7854 
is V i'7BS4:) s=: -6362269, i;he mtdt^ier. (Page 44.) 

27. When the circumference is J, th6 area of the circle 
is *(>79577| (Demonstra^oD 24) ; then« th^.stde id fthe i^quare 
equa in*area*^td -079577 is ^ (.079577) = -2820948, the 
multiplier. (Page\45.) ' 

28. When the diameter is 1, (z= B D), the area of the 
circumscribed 'squatre is 1, and, therefore, the area of the 
iTOcribed^square fe \ (i= '5), (Demonstration 22,) and the 

' side itself is ^ -5 = -7071068. (Page 46.) 



29. Let the area of the circle A B G D be 1, then, 
fiom the first equation in the Cor. to Demonstration 25, 

•' = 2 V (grillg). «nd5 = ,/(3q^);heiiceA* 
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2 A 0, =- (47. 1) = A D^ =r 5:^ = '6366197. Now, 

similar figures are as the squares of their like sides, .'.nI.^ i 
given area :: -6366197 (= A D*) to 'the square of the side 
of the inscribed square = given area X '6366197 .*. the 
side itself is ^ (given area x *6366197), wfaidi Is the rule. 
(Page 45.) ^ 

30. When the side of the square is 1, the radius of the 
circumscribed circle is *7071068, and the diameter is '7071068 
X 2 1= I'4l42i;i6> See Table L (Page 46.) 

31. When the side of the square is 1, the diameter of the 
circumscribed circle is 1*4142136; and, therefore, its cir- 
cumference 1-4142136 X 3*1416 = 4*4428934; hence, 
the reason of the rule, (Page 46.) 

32. From the first equation in the Cor. to Demonstration 

4a 
25, we have <^= tj — ; but when the side of a square is 1, 

its areata 1 .-. rf = ^ (^) = ^/ (jrjljg) = M283791. 
Hence, the reason of the rule. (Page 46.) 

33. By the last Pemonstration, the diameter of a circle 
equal in area to a square, whose side is 1, is 1*1283791» and 
its circumference, therefore, will b^ 1*1283791 X 3-1416 
=z 3-5449076. (Page 47.) 

34. The reason is evident from Demonstration 22. (Page 

47.) 

35. The reason of the second rule is evident froqpi th^ 33. 
YI. which prpves that arcs of the same circle are as the 
sectors ; therefore, the whole circumference (360) is to the 
given arc, a^ th^ area of the whole cirde is ^ ^ area 
of the sector. (Page 47.) 
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. 3Q,« '^^ JF^?». whic h is the_ best for pir{u:&c^ was origi- 
nally deinorratr^ted. by Mr. Peter Nicholson. .He, howettr, 
took the fimdamentid part of his demonstration ,from Dr. 
. llu^on,^ which- ^b^ Doctor, discpv^i^ed hy Fluxions* Let v 
= versed sine C D of the arc A'C B, tuid d the diameter of 
the circle; then, the length of half the arc is ^ (dv) X 

(V 3 1'^ \ 

I + ^ + 5q^> &c. j (see page 69, Appendix ;) this, 

• . » ■ , - ,. • -I . 

mtiltij)Hed by half the diameter will giv^ the area of 

the sector, that is, the area of the $pctor is 

2 \/ {^^) X (^ + g^ + 4ol5' &<^-) Now, it i$ easy to 

conceive that + ^d ^ o = the altitude of the triangle, 
who^e base A B \% 2 ^ {d v — v^-) zz 2 ^ {d v) X 

1 — ^j-j — ^, k^.j H^nce, the area of the triangle is 

(+ ^rf + t') X V (rfr) X (l — ^ — g^. &c.), which 
being added to, or subtracted from, the area of the sector, 

gives 21^ ^/ (cit;) X (| ~ 3^ -- 1^, &c.) But D F 
X D C = A D« (35. HI.) ; that is, {d -^ v) X » = 

-J, (c being put for A B) ; therefore, cif = j— + v, and 

4 »'' 

— g-, &c. by extsacting the square root of c* + iv\ and 



/2 V 
multiplying by t?) ; therefore, 2 P ^ (dv) X \ j — 55 "^ 
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8 



"2 



'(PageSb.) 



37* To prove the truth of this ni]e» it will be neces^ 
sary to show thact 'segments, whose versed sines are as the 
diameters, will be to ^ach other as the squares of the dia- 
meters. Let ABBA and aehahe two similar segments, c«t 
(from the similar sectors A£'BC;A and a«ft«a> by "the 
chords A B and a b. Draw C E, bisecting both the arcs. 




.' By similar triajiglea, CA : 
CA : Ca : CA^ES : Ca 
; e s» Hence, the versed sines 
the radii of the circles, or as 
sectors are as the squares of 
Inanglesas the squares of their 
sector A E B C A : sector aeb 
angle Ca6 :: 8eg.A£BA (= 
angle A B'C) : >8eg. ae^a (s 



C« :: tlS :-€«; thtt is, 
— «» .'. CA : Ca :: ES 

o£ similar segments are as 
the diameters; but similar 
the diameters, and similar 
libe iridtifi; CA* : .Cfl?» :: 
Car: triangle CAB : tri- 
s sector Ai£C4 — tri- 
sector a«i'Ca'— - triangle 
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of the 



N0W9 the (tiaikieter in tbe^tables is I, theQ». by puUiog d] 
=: any diameteiv -and v s versed sin^ we shall have d : t; 
:: 1 : # «r*«{> s:; die varsed.tiile^of a similair s^ment in idie 
tMe* whme,aMX»'9mAali ciUOi * Thenyfronn^tbas beca» 
proved, V. : d^ II a : ad^ =z area of the segment, whose 
]iei^t/or¥erskd:$ia^ is^O, and diameter d», (Faegd'Sl^. 

Jfofe^ If to the- square of. half the chord of the ^Q^mept 
^rebeadUed^the sqMiuret)f tjie versed sine) tiie square toot 
of the sum will give the.diord of, half the arc of the seg- 
ment; Tq 4 of the choid of ..b^ the: im?<$ «f jt]ii^. segmoiitt 
aad the chord of the segment, the sum multiplied by f of 
die yei^sed^e^will give the ai:ea. ' The truth of tbj^ rule 
jnray be shown- diiisr — ., -. 

-; As iil^Dteii*.3Q* lie hav»A, a= V* (^»> X (i + tI^' 




fc. • r\ 



3v' 



4\v2=^^!3^ >&c^/ m^ |}i«r<tfomK Ate 9xm «f Ae; slaotdi^ 

Q,S X(8,Q » 9rea cC tN td<u^ Q.Q )l); tbaf i9i <i/'<iA 
- ») X t>) X (^^^ = ^/ (rft> - !»'>.» (| *,* ir)i 
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7 area of the ttian^. d O R; and Ma eifipanded, and 
taken from the area of the sector, aa found befoiie, we gel 

2vx (^ (dv) X (|- ^rf- 5^. &c.)) fortheareaof 

the'segment in termft of o and d, which asftume^eqtud to 29 
{m t^ (dv «« f^) 4^ » ^ (^v)) (^ order to find ^ finite 

value for the segment) = 2v{m^ \d9 X-(l — "jA + *^ 
V (rfr)) = 2n (m^ (dv) X (l - 3* + » ./ (^»» = 
2 » ( V (««•) X (m X (l — 2)' + ») = 2» ^/ («*») X 
[•"X - A~ ^)' + «1 =. 2 o X V' (i ») X 
« — ^ — -grji. *c +n) = 2» X V C*") 3< (w + 

n — ^ — -^^, &c,J Now, by compani^ these two ex- 

2 

pressions for the area of the segment, we get m -f- n = - ^ 

m 1 , :. 2 , ^ . 2 

— 2 ~ ■*" 5 » therefore^ m s r ; then, = +11 = ^, and 

2 2*4 
*»=:=: — "^ ^ f<* ^y substituting these in the equation 

2 

expressing die segment, we get 2tr X * \/ («?») — »*) + 

~^(dv)^^v X (2 v'(cit^-t^) + J ^/(rftr); but 

4/ (dvy is the ^hovd ^ half the «rc^ and^a^/ (cf r ::- t^ 

2 2 

is the chord of the s^egment, and ^ « is •=- of the verted sines 

*■•.<. . 

Hherefcre, | » X^i^y' (<|r — i^ + 1 ^ (<| „)): ^x- 



»* ' 
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38* The trian^ A 4r F ittid DjrB belnff similar ; Dx : 
DB :; Ax : A F> which 18 double G^; then, Gy =:DB 
X A* -T- 2D jr. 

When the diameter of the circle is given, or the chord 
A C, and height ^ir, the operation is very simple, in which 
case Dx needs not be ^ven. (Page 52.) 



39> Let D be the diameter of the larger circle, and d the 
diameter of the smatter ; then D* x *7854 =: area of the 
larger circle, and c2^ X *7854 = area of the smaller circle 
••. D« X •7864 — rf* X -7854 = (D*^— d«) x -7854 =z 
(D+ d) X (D — d) X '7854 = the area of the ring. 
And this expression corresponds with the rule. (Page 5^) 



40. Let AB =r A, and a5 =r a ; let, also, A C, the ra- 
dium = n Then» as similai: arcs are to each other as their 

radii, A B : aS :: CA : Ca; that is, A : a :: r : ^ 
sr a C ; but A C 

mm 

=r ^ — -^ — - X r. But the area of the sector A C B =r 
^ , ^imi the area of Ae sector aCh ::=^ ;r— ^ == -r- 

(t Q^ f* A 7* 

X 2^= ^T •'• ^® ^^* of the segment ABia = -^ — 

2 A . 2A . .;.2A .^ % ^ 

^ — ^~^^ X V'i Z ' ^ X A a, by substituting A a for 

A — a 

i^ .equal: r-rjr--. X r,: vhiob i«^ tbft.nde. (Pager63.> ^ 




If ABC be a. right-wangled triangle, on tjie* 0iree 
sides of which, if three semi-circles be described; then, tfab 



«■ ^ *■ 




.> 



triangle T (A B C) will be 6qual tor the sum of the two lunes 
L 1, L 2. Because the sum of the semi-circles described 
on the sides containing the right angle is equal to the semi- 
circle described on th^ hypotbeniuef (% XIJ^*^, Y;ai)447y 
L) and taking away ^e segments S 1, S,^, which are 
common^ to the equal quantities, the' temaind^i^ S^iS be 

equal, viz. the sum of the lunes h I, .l^2> wUil remain lequal 
:to T. (Page 64.) :.-> - .-^ •. V.) . . i. 

> 

41. This ruie is evident from Proposition XIII. Cor. 2, 
Ellipsis,* (Page 61.) , - ... 



\ " 



42. Thefim Rule.isself-evideut;; for the spaceEGTH 
being deducted^ ^om AC B D, the remainder will be Ihe 
space between both circumferences. '-' \ 

^" By puftmg T and <? for the transverse and conjugate dianid- 
ters of the larger ellipse itsj^reft k T x.C X'7§^^>9nd theiurea 
of the smaller dd^9Q i6-i X e-X "78^ r^^j^ie^) theip-difer^atce 
is T X C X-7854 — < Xc X -7854 = (T-x C — < X c) 
X "7854, which is the second K^^i.C''?^ ^t) v^ ^n 



• Tl^a^ Ka nmllar vefefteeet Me t» U»b AppoottXi fropeiHea^f 
the Conic Sections. 
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43* By Corollaries to* FwpoAtion XIIL EUipsis, 
an ellipsis is to the rectangle of its two axes, as fmy circle 
iA toim equsie of Hs'dSmiieter* And also any s^ment of 
ail c^pte \k to 9, like segmeht cf a circle, bs the reetangle 
oootained'l^jtiie two axes of the ellipse is to the square of 
the diamettr o# the eircle. But hy Prob. XXVIII. Bule 
3^ the segiMiit oi^ the^ efarde is foimd by multiplying by the 
SWU& of the, dteoMter, the aMa segment, as ^und in the 
TaJbte of Jeircolcr segraentti oorresponding to the height, 
divided hf theidiameter $' thereA>re, the segment of the ellipse 
is* equal to the pnxbict of both its- axes, multiplied by the 
ai«a*sfl!g|dent QStiiMpaiidin^ t«tiie height of the segment 
divided by the diameter, of which the given height is a. 



44. It has been shown that the geometrical mean between 
the two axes is equal to the diameter of a circle equal in 
area to the ellip^wj but ^ the aritbmeticid 'mean excels this 
geometrical mean, while the citcumibrehce of the ellipse 
exceeds^ that^^if the circle equal y» area to it^s therefore> 

' .Q. X p^(t + c)xj^jl> will give the circumference 

« • * "" 

nearly. 
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W|m^>)ti 9 » cf^nter tbaa^et'^susmmforeBloe oTaoircfe ; 

hutV' 0^^^^) X |» is less than tb« cixciunference of tha 
el]B«jpaJl4w«B»to.thecw^^ therrfore>.(4 + c) x^ii 
is the circumference of the ellipse nearly* 
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Let A B be the curve whase length we require ; and let 
two other curves E G F imd C D be deacrifaedi et equai» 
but very small distances from it, the one without it, and the 
other within it $ tjiese two curves . do not difier much from 
ellipses, and the diiFerence of their areas, at found by Prob» 
II« Sec. III. will give the area .of the ring <»r s|iace between 
them nearly ; but this area is equid to the curve- A B multi- 
plied by £ C ; the distance between the two curves £ F and 
C D«; therefore, the area of the ring divided by £.C will 
^ve the length of the curve A B nearly enough for practical 
purposes. 

T|ierefore, putting t = the transverse axis of the ellipse, 
whose length is required, 

c = its conjugate 

p = 3-1416 

rf = J£C = AC, or AE. 

• Then, (t + 2^ x(c ^ 2d) X ip (= '7854) =i the area 
of the curve £ F. ,.>"." 

And (t — 23) X (c — 2rf) X ip — the 'area of the 
curve CD. 

The difference (/ + c) X p rf = the area of the ring. 

Therefore, (t + e)Xpd'^2d:= the length of the 
curve A B ; that is,^ (i + «) X ip = the length of the 
curve. (Page 64.) 



45. It is manifest that the circular arc x^ is an arithme- 
tical mean between the circular arcs C V and G B .*• xy is 
nearly equal to the elliptical jntc C B. Hence, the rule is 
evident. 

: This rale is the .easiest fot pracdee. Ol^er «ii)e8mghi 
be given, which would find more accurate results; but 
bAeing both tedious and difficult, and the iftvesttgaHoi n^es- 
sJdrily involving the fiuxional or differentM- ealeitoi IHiey 
are omitted* (Piige64.)^* • -- • - ■• — - ^ • 



Ci. 



DBlCOINmMnOHS. B3 

46. Th^ equation of the eorva \s d^ t n^ ll s (d -^ x) i 
y^ ;. piMdng S tar ihe traissverae diameter, c for its conjugate, 
and X for aa abscissa to the ordinate y ; then,, d : c '.I i^ {x 
ifcf — x)) r ^, wKch is thfe rule. (Page 66.) 



47. From the property of the curve, we have d^ : c* : :. a: 
(d ^^ x) t s^; then, c*d« — t^#' =s d^y^, and dividing 

c*, we get Jjp — «* = — 7-> and jr' — c2 or ss — — ^ 
and by completing the square,, we get x^ ^^^ dx + -j- 'rs^-jj 



c* 



-^=*(t-f:=*(i'-^=f:(t 

d d d 

^'-/ (i c* — 5r9), andap = - + - y (ic« — j^"-), which 

corresponds with the rule. (Page 66.) 



48. The san^e notation beii^g retained, we have, from the 
property of the curve^ cp ; c* : : {x d — x^) : ^ ; and, 
therefore, y* d^zzi^xd — c* a?} then, by transposition, ^* e^ 
"^(^'xd =: — c* j;^, and by dividing both sides of the equa^ 

tioaby yVw^ g^t rf^ S^ ^ == ^^ *"* ^y complet*. 

mg the square^ we have rf*^ p- ^ _ «- ^ '^~> 
th^n,. by , extracting the square root^ of both these equal 
qu#mitifiii,w^getcJ-^5-p=:;.V ^Ty*** F"/ " ^^'^^^^ 
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— jpy] which t^ the rula For \^ (^ c" — ^ ) ^9 vhi? siguace 
root or the difference of the squares of the semi-conjugate 
and ordinate, to which ^ c is added for one factor ; then, 
from the nature of proportit>n, y : cjt :: ^c + V (Jc* — 



er 



» 

49. From the equation of the curve, we have rf* : c^ :: 
« X:(it -T- ff):-^;.thi(. roots. ^ tresis nve pr&poMitiiMto, 
viz. v^ [* X (rf — 0)1 I V i: d : Ci which is the rule. 
(Page©?,) '.-■', ; 



- SB. Thi&^ proved in Frbpoiitij9n-ViL Avitii. of (ifim 
where it is shown that the arei^ of a parabola is equal to f of its 
circumscribed paridlelogrfim. But the base> jnidl^ipKed by 
the height, is the area of ^& clrciunscribed' piMrallelogrUmi 
then, f of this area is thomrea of Uki pw»ibj»lft. (Pfge 68*) 



51. By Prop. III. Cor. 1, Parabola, DO : *0 ;: AD* 
: S**; and putting A B = D, 8 T =t dy Dx — d; DO 
: *0 :: iD« : iJP V. D* ; (P ; and by division, (17. V.) 
D O — * O : 4f O :: D« — i (P : d^i thkt is, lb x i x O 
:: D« — # : ^; butDx == rt .•. a : i?OT: B^ — cFl 

«P. Hence, * O cr p^ _; ' ^a ,.andD O «t a +553^-55 
ButB^ fa -f ^ /^ y j ^ i i» eqtt«i tihe ma of the 

it d^ 
wh(de parabofay und d X "v^ \i^ J% X f is equal thearea 

of the segment ^OT I U>eir. dtfiereace is^th»aicaof iJi^ 
zone AS tB, viz. 
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= ty _<f« Xf^g: .p^J^ Xioiathearea 
of the zoiie A S T B, which i4 the rulew (Page 69.) 

* ... . 

62. Let t; = any^ eurve beginning at the vertex O, ^ = 
tihe ordumte U) r^ wci^r^t^the, «xt;rcHoaity of the cox:9.% «r^ 
its abscissa* a = \ the parameter of tbc^ axia. ; 

Hui ecpMNton of tibe cuhtey Mr^iowif in,P»op. III. Coi\ % 
YweAAmr i« ^ x =z 9ft ; tt« fiuseiMi of these quatttilSe» wiH 

b^ ec^ua^ henqe 2 a« ^ ^jr^yW: dSbridingl^U t^2p](^%F« 
^5 hence, > =:'^* W i i; a/ (^ + #*) j .1 « i? 

wffl be -« y V? ^ + J « X hyp. loe. of (y + 

iLL-^in) = f a, ^ (1 + ?•) + i:« X hyp. log; 

'•■■ ■••' ■■■■■■■■.■■' ■■■ „.' --^ (•„■■•■:• ) 

of [9 4* >/ (1 4* 9')!]> putting 9 :? ^ } douote of ti)» 

Cv 

' »»^\ . ^,»,. ^ 0V. 

quantity gives the value of the dotdble ctirvie, m. 2 1; =s c 
= ay ^ (1 + jr*) + a X hyp, tog. of [y + ^ (I + y;^)J 
s: a X (y S + hyp, tog. of y + S), ^hich is me rule. 

The lengtluof the <^uryeia?cyr ma;^ b& fimod' pvQt^ accur 

rately thus :— conceive two -curves A O B and Cj^ D to be 
^dmti efai-^tant'frcRH the ctirve» wliose iengtl;^ is^remik^d^ 
at a very smaS d^taisce^ ^y tlie^me hui^ved miUkMith' 
part of a unit fro^iit; them i^ i4 obvious Xhat these ttyo 
curves do not differ foitish fi^^i bai^b^Iiis. ' Ffndl&e aieai ci 
the narahnlft CyD ta thfi orainate f! Fi and height Fy, 
'Mw «ftU S t fiMialflq tl^ «fieft.Q£ tte (imj^^fe A B latlie 
ordiniite A F, and eight F 0} which call G s thQ%.Q:i«icS 



^6 



' ^^^* ^PM^Vv ^^^Ni^v^p* - K 



. >: ( ■ — , . X 




V .. - 



' i 



• \ 



wfll give the area of the ring AXyDBOA, which area 
being divided by the perpendicular distance O ^, or the 
brcMHitfa of ithe ring»' wUl give the teogdlttof a;ofnrve equal to 
« piean between the ourva :^OB;aiid C«Di that is». of 

jrtr;r; hence, Jrr;g=^ » ■ ^ ■. . In this figure, Oy rr fC 

55 T^nnrfinnTSj-^^^ m^an. breadth of tKexing, from which 
A F and C F may be determined, and hence, G and S. 
(Page 70.) _• X . 



The fluxion of the curve in the. last rule is i = y ^ 
■ 1 + "^ I = by extracting the square rooty x (1 + 

^ Jr 

fc- zl^ + ^A^ ^""^ ' **"' ^-i^^ the fluents, 
and putting 9^ = '^j we ^et ./ ,:*:.'^ 

^=y.'<(V+&-^ +5!^' &^-) = the length 
of one i«ide of the c^rve, .the double of; whicOb giye^ .i;}i^ 
entire length on bo^ ^idep, yi«4 C 5b S^m t^ 2y K <l -K 



V**«>^^«pw«*«rita«iVwMh^ik>^^M«Mai*i^N«^ 



ta4«i4hrfi*«Mihi«mXi 



' <« By faktalie no refer«ii€e i» xttKie to this^-'Dettomfratidnr in tktf 

Ueasunjtiqpi^.*: \ 



-' k-i, J *i -tt.- •< t <»' J 



J t \. -t ^..C'V 



.J 
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. 53« From- what hM beei> f^d in th^ last fule > :^ v X 

— -/ (1 + * f*) = - 2j^ J*. + ^739 ?*. &c. which may 

be rejected, if we suppose q not greater than 1,- .'. v ^ g 
V (1 + i^) = V (y» + ***) nearly* i C -riv s^ 
« V (y* + * *») nearJy. (Page 71.) ' 



■* I 



* y 



54. This is evident from Prop^ III. Qor. I. Parabols. 
(Page 71.) 



4 



- 6^» F(oai :the ,{miperty oi the fparabola, JD Q 9 « Q^ : : 
A D« : Sa?« ; then, by division, D O — a? O (=I)a?) : xO 
'- AD* -i- S«* J 8«»; IhnriB, AD» ^Sa^. 5 S** :: Daf 
: a?0. Also, AD* -^ Sa?* .-. AD« :: Da? ; DO. (Page 

72.)- -..;;.-.,•.. .\ « . 



f • 



56. It is proved in Prdpesition V^. Cor. 1, Hyperbola, that 
the square. of half the transverse is to the sqitare of half 
the conjugate, as the rectangle of the'idiiscissa by the «uih 
of the ^bsci^sa and transversa (which, is, the abscissa rela^ 
tively tt) the opposite curve,) tp the sqtaare of the ordhiatef 
therefore, <* : c* :: a: X (< + ar) : yv and < : c :: v' (a: 
X (/ +.'«?)) iy,7vhich m the rnlaj I 4^,ai(.y, beuigy,tl^ 
transverse, conjugate, abscissa^ and ordinate respecuvely. . 
(Page73.) , . ; . i . ; — . 



I* 

57. Retaining the same lettei(8C 9s. ja^t^a Jtet -d^ixnatraftf 



98f. 

CJor. 4, Hj^boU) ; ^eni e i < :: V*<y^+ J ^r^' + 
jf\tz halF the fi{bs6itt«is4 then; ^ 4^ V^ % s: f ^ if '^ 
greater abscissk, ii^;^ ^ "^ 5 «*"••* f V? • * "^ ' 

• X ^ =: th^. jn^eater or )qi&. »baciig84(.ti^K^it 

the rule. (Pagje 74.) 






V ■ > 



58. From Propmitioti V. Cor. 1, Hyperbola, we have 

c* ** ; divide 6y ^i aAd we get <*' ^ 5- x ^~ —5- cot* 

plete the square, and then, <* — -v X < + — .^ sr - 

+ ---r s " I ' " ^ '* } , and ^— tr-^ sr V^ 

^ X V (45« + e») + c = c« X i^ (y* + icV+g^ 



•««» 

/ 






l(Pi««£75^ 



MM 
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f 

59. By tte kgti w have* ^ : c« :: f^ + sr) X jr : Jf» ; 
then) ihe'-reets^ ^f tkese are preporUonalsr^ Tn/f : c tt '^ 
[(< + jp) X x] f y.; Md theiij V [(I +'««> X i} : y :> 

r : ♦ =J V £(1 J!.^V X. ^? ^^'<^fi:i« tfie ruie/'(Piage 75.) 

60. I^et X ^nd ^.be the abscissas^ imd ¥ and ^f, the cor- 
respencSng or^nate»; ften^ by Fropdsitk)iv:Vi CoK 3, Hy- 
perbola, we have ^« + d;* : ^X 4- X*.::.y. 5 y*j hence, 
*X3^'+ X««^=^l*¥^+ **yV*ett.,<X3r*-<*Y« 
s= ^Y« — XV> and • » 

a r^.y ^ j t^y^ • X?y« ^ «« Y*^ . ; .:,, . ;, 
^= Xy' - ^Y^> "'^^= -^"^-XJP. ^^^,^^. ^^ .^^f 
rule. (Page 761)'' \. ^- '.'"' < ....v.. 

61. Conceive a parabolic curve to pass through the first 
three points BDF, whic^ will very, neoiiy .cpia^ide with 
the hyperbolic curved when the ordioAtes are t^en very near 
eaeh^wiep; ahcT'therefore, the area lof l%e'lTypierbotic*BfMu!e 
A BlP'C^'wiU -be V«r]^ neaily emial W the parabolic splK^e, 
their boundmries nearly epinctmig.' Eet 'Vie M)8ctssar be 
called mi and the mdSiaiteg; theH,^dtth tiie^ riatnre'iif'the 

parabola insi-k«rb |v >t(«*i+ i *) ^s^ m4 9 ^'f i ^ «^ 

4 

(** -t* is). By.extractinjg^ tiie^jpquiore rooto^ i^+^^j) 

which, will be an mfinite seri^ , and multiplying by -j we 

- ■«■ • ' •• . ^» •— •^'^ *^' < # >• \ - ^» * « ' , 

shall have y.^Xet the infinite series^ multiplied by^;- be 

representea hy A^-KB« +'Ca:* +lC)a?, &c which is bb- 
^TioisslxqgfsiicraL ^aipjewioft fer th^ ordiaat^ j j^ l«d If we 
coosiaer« to be 'composed of an infinite number of peints, 
liegbiiitng sdih, 4 ^fflwt tbe- ^evjICat tsllite of i^ as u in- 
creases firom 0, may be represented by 0, 1> 2, 3, &c. Now» 
tts'valL t&et^ oi^icAiw (3i^lt ahi- st^fKMd to 1l# Mirteeljr 



90 . A??JUp>|X»t : , 

near each olheiv) oonsespon^i^ to. the ab3Ci8aa9 0,. 1, .3, 3, 
&c. make up the area ' of the space A B F E, let « be inter- 
preted by 0, 1, % 3, &c^and w^ diall^et 

ft2^? + S^f - Aor AB tho-ordiuate^ 
A + BxI+Cxl* . ^enar.= i). * 
A + BX2 + CX22 

A + Bxg + Cx^ - middle ordinate D C 

* * ' 

A-+Bx« + Ox«* W thiti ordinate E F. 
^ The aum of all these k obviously the area ^f the space 
ABFE;thati8, A^ + ?^ +^ -areas; 

g— -^ =g-X(6A + 3Ba: + 2Cx«) 

• * 

. From the middle equatidn> we have 

4 A + 2 Bo: + Q.aS^ ^ 4D C, and when ^ = Or we get, , 
A ss: AB, wli^n 4? s=i A E, we get 

A + Bo? + C«* =z. EF> ad4 them together, and, 

6A+3B*+?iC«'s:4DC + A.5 + eF, Bu$ ; 

(6A + 3Bjr + 2Ca«> X g -*= are* of the ciarve '^. 
(AB + 4DC + EF) X g^ == areaof tire curve, tfr 

(AB + 4DC + EF) X 5;forD = a?-5.2. Pursuing 

■ , . • * * . -• . - ..... -^ • , . 

the same mode (EF + ,4 GH H- IK) x -5 = area of 

the hyperbolic space E P K I ;' taid <! R -f 4 L M + N C) 

-K -^ «e jurea^of IK ON, &c* consoqpaemly^ the sum of all 

Ifhese. «f«as^wiU;g|iipe the eirttfft i(yt^ 



way nearly r «ftat w, (AB + 4CD + 2EF + 4GH + 
2IK + 4LM + KO) X j= (A + 4B + 2Cx 



H. (Page 76.) 



62. Let a = semi-transverse, I == semi-cohjugate, « ci 
the abscissa, y = the ordinate; then, y* 3= -^. (2aap + 

«»); hence, «« + 2as =^. and * =| X (iV+ y)* 
.— a, and <>■* =5 " ^^ ^ t . Andd^a: 

^!'{^+^ - (p8 + ilO ^,t (ft + 4V^+ 

a« + 4tf»6* 4-80*6*. , ) _ C,. 

«» , a* + 4a»4« . . a« + 4o*6» + 8aV6« 

— &c. > e= tkearc AP. • , v . ' ) v 

--I ■ , ■ -.- :.- ■•". . ■- '-•'■•• 

But the rule expressed algeb^aicalfy is 
vid^f die xiuotieBi/nW be found to aBbrlmt Utde jSrom thie 



pireMditig striet wMd^expceasef tfte true tdberof tibearaiy 
thejc^ore, the rule approxixiiHtes the truth. (^Page 77.) 

Not^. It' is to be observed that * = r- • (6* + j^)^ — a^ 

The length of an arc of an h3rper- 
bola may be found thus :<-»conceive t^o 
cunfjBs. ta be dnoim ^[uJKlistiiat from 
Q A P at aa extremely small distance 

^om % a^ Ihr.Ae p9M^]^ji: -fiofd. the 

area of these" two new figures taken as 

Hyperbolas, from which they dp not ma- 

tenidljr cGffisii l](y reaioff of thc^ nearly ^ 

coinciding with the hyperbola QAP;.theni the difference 

between these twft: mM dWided- Jby^ 4li«-pecpeB3i6dar . tUs* 

tance between them will give thiis lengtb-Q^ the curve Q A P 

nearly, ^ 

* Heqo^ any oiirVe m|cy be rebtifi^ hi. dris-soayv when ils 
area c9n.be foundfc^m cccta^i du^iensions* , ^ . 




« • » • • , • * 

69« Retaining the saiae notatibnj the equation of the 

> ' ■> • 

hyperbola iy y =- - ^ff 4r!^ f*>*i -Honce y** «- ig^^ 
4* xVf^.dsf* Now^ iB^0rder t4 make lli^ isd^es^expressinjg 
the area eonvergci let » i a - j ■ t ftom which ^ =y;7*** 

A* -^^^b r *:t 



f 1.2 , 2.3 ^^ 3.4 a , fl, ) n ^ $f 

is It iNToper fraction* the powers of w in tbis ^ies con- 
verge, While the co-effidents diverge ; therefore, in order 
to make the eo-«fficients, ^as well as the powers of w to con- 
verge, we multiply the series last obtained by (1 «^ w\ «Sso 

divide the factor 4 a 6 to ^ by the same quantity, and we get 

+ &c. I 

•By repeating the qperation the value oi the ^ecieV is not 
altered; hence 



TCr' 



^ . Sttiw^- jl 1 1,1 

•^^''. (l^w)M3 1.3.5"^ 3.6.7 W:^ 

— &c. }- buty = -(2ax + «*) = ---J5S-, and ar s 

2afc; ^ 8a5w« , ^ 

Y~-* v. z^ry ss .j' "'^ 4 wierefore, 

^^ ^^i3 1.3.5 131 5I75 

&c. I =;: area A P N. Hence area A P Q c: 

Buttt= - (2a* + **)* And the rule is 
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2 1 ha-^ + f^ ^)^-f 4 V (a:r) 4 hjc .... . 
~"^ 75 ^ — ^ X ' — T' allien being 

expanded will produce a series nearly equal to the true 
expression found for the area* (See Fig* page 92> Appen- 
dix.) (Page 790 



64. If we conceive a plane to pass through each of the 
lineal measuring units parallel to ^e ends ; nnd the ends to 
be similarly divided- by phmes' passing through each lineal 
measuring unit, parallel to the sides ; then, it is evident that 
the part cut off will be divided by the plane into as maaj 
cubes as there are squares in each end. 

« 

But the magnitude of the whole prism, or of any other of 
an equal base, ijs to the magnitude of the part whose height 
is the lineal measuring unit, as the height of the whole 
prism is to I ; therefore,, the solidity of the whole is equ^l to 
that of the part repeated as ofien as tliere are lineal measur- 
ing units in the height ; that is, equal to the base multiplied 
by the height. 

This rule is true for oblique prisms, as is evident by con- 
ceiving a right and an oblique prism, of equal bases and 
heights, to be mad^ up of a3i infinite number of plate» infi- 
nitely thin, all parallel to the base ; when the prisms are of 
the same height, the right and oblique prisms will each require 
the same nimiber of such plates, and therefore) tliey must 
be equal to each other, as they require the same number of 
equal plates toxonstftute th^xUf (f age 83.) 



65. It is proved in every work on solid Geometry, that 
every pyramid is one-third of a prism, having the same base 
^nd height ; but the solidity of a prism is wmtd by multi- 
plying the area of the base by the height ; therefore, the 
solidity of a pyramid is foui^d by.multiplymg the area of the 
base by one-third of the height. (Page 87.) 



■ 66k In solid Geoxnetry» it is |MrQYed th^ pyery cone .is the 
third part of a cylinder having ' the <same base andiJtitude; 
but the solidity of a cylinder is found \>y piultiplying the area 
of its base by its altitude ; therefore, the solidity of a cone 
is found by multiplying the area of its base by one-third of 
its altitude. (Page. 88.) 



67. Let A^ and a* be equal to the areas A B and S D ; 
P anidp the perpen^culars from the rertex V, upon the 
planes of the bases A B and S D ; and ^ = P — />, th^ 
height of the frustum. Put also C •=* the Entire solid. 
The content of the entire solid V A O B R is 

A< X \, «ttd of the part V S QD P = ^« X |,(Prob.YI.) 

iMid the difference between these two solids is the content of 
the frustum ; that is, 

A* X ^ -- a^ X I ;s: A^ X I + (A* - »0 X |; hut 

A« : o« :: A R« : SP* (20. VI.) ; hence 
A : a :: AR : SP (22. VI.) But 

«... ■ - ^ 

AR : SP :; R V : .? V ;; P : j> (4. VJ,); therefore, by 
equality of ratios, A : a :: P : p; »nd then, by division, 

r 

A ^^ a : a Z\ h * PI but 

A — a : a : : A* T^ «* • « X (A + a) ; henc^ 

A« ^ a\: A a, + a* :\ h ; p, and 

• — ' * .... — 

(A« — a«) X I = (A <» + o") X |; therefore, 
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h 

<;A 4- a & ^ ft*) X ^ i= the content of the frustum, whicl^ 

is the rule. (Page 69.) 



68. 1 he Demonstraltion given of the last rule applies to 
this, (Page 90.) 



69. I^t the p)«iieA A OC G» A E B 6» B R Q C» be 
tmpeEcuils, the latter b^ing jany how ipdiiied to ^he fonimr^ 
and C6, A0» BA, parallel to on^e another; jlet ^l$p the 
wedge he divided ioto tSFQ pyfwaidA.bytbe pW^ ByO CL; 
then, B is the vertex of of the pyramid, whose base is the 
triangle O G C ; and G is the vertex of the pyramid which 
tias A R Q O ibr 'ks ha»e. Agoki, ^%%i> h^-^pezidlcuWir 
to A O and'R B ; and D T perpendicular to A O and G C ; 
Aetky tke triaaeiilar plaiie SI>.T is sibifve to tlie 

three parallel edges BR, A O, C G. t^ut p ^=3 the perpen- 
dicular of the triangle S D T, let fall from the vertex S, 
upon die base D T, (produced if necessary,) and Fihe per- 
feiidicuhU-Jet-iall Jrom T i4>on.S-D, .(^oatieed if Micei^ 
sary) ; hence, P and p kre the heights of the pyramids 
A R B O G and G C Q B re5)^ctiveiyi ; 

C G X D T , : ". • ^ . , ^ ^ ^ 
N«)w, " ' ■ = the area of the triangle O G C ; 

and ' 5- : X ^ ^r -rr- X -:. — - = the- solid 

.» • ^ • , d . . -Z ... . ■■ 

content of the pyramid O G C B, and ^ — • ^J X IS fe 

= the area of the trapezoid A R"B O j and ' ^ ' X 

P A O +• R B ' SDkP ^^ * ,., 
b D X -^ = ■■ ^ ' X ■ = the sohd con- 

tent of the other pyramid. But the area of the triangular 



DT X o SD V P 

section S H T s: ' ' ^ = ^^2* — ' therefore, the 

GC DTxp,AO + RB^ SD X P , 
sum -g- X 2 — + ""^ 3 2 ^^ 

content of the wedge is I -«— + ■ "^ I multi- 

phed by ;; — ~ or by 5 ; that is, one-third ot 

the sum of the parallel edges, multiplied by the area of the 
triangle S D T, which is the rule. (Page 91*) 



70. Doctor Hutton gives the following demonstration of 
this rule : 

Since it is evident that, according as the edge is shorter 
or longer than the base, the wedge is greater or less than 
half a prism, of the same height and breadth with the wedge/ 
and length equal to that of the edge, by a pyramid of the 
same height and breadth at the base also, and the length of 
whose base is equal to the difference of the length of the 
edge and base of the wed^e ; we shall have the content ^ 
blh + J6A X (+ L If = ihlh + ^bh X (L — Z) 
= i6A X (31 + 2L — 20 ;=. ^bh X (2L + Q, 

CV. If Z = L, the rule will become ^6Ax3L = ^ 
bhL = ^ a prism of the same base and height, as it ought. 

Scholium. It is evident that, whether the two ends, or the 
two sides of the wedge be equally or unequally inclined to 
the base, it will make no difference in the rule. (Page 91.) 



71. Conceive the frustum to be cut by a plane passing 
through the opposite edges A O and P D, which will evi- 
dently divide it into two wedges ARBODP and PSQDOA, 
Let B I represent the perpendicular distance between the 
ends A R B Q and S P D Q ; also let B O represent the dis- 
tance of A O from R B, and D Q the perpendicular dis* 

e 
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SI V BO 

tance of P D fronk S Q ; then j it is dmous Aat *■ '"^- — ; 

61 X D Q . 

and -^-^ — will be the respective areas of tlie two trl- 

angular se<^tienB of the |wa Wedges, wbich'are p^tpendicdlar 
to the edges B R, A O, S Q, and P D. Then, by the last 
rule, the content of the we(%e A R R O D P will be 

RB 4- AO + PD ^ BI X BO 

^ — •— X -* 1 — »— ^ Bod the content of 

, T^«x^^^* .»,. SQ+AO-fPD 
the wedge P S Q D O A will be ^ — - — ^ X 

, and tiie sum of both will be the solidity of the 

prismoid. (Page 92.) 



72. It has been shown before that the prismoid is com- 
posed of two wedges, whose bases are the two ends of the 
prismoid, and whose heights are each equal to that of the 
prismoid ; therefore, by the last Problem, Rule II. its. soli- 
dity is ^ [(2 L + » + (2^ + L) 6} X }h% and as ^ 
h + ^l :s ^t and ^B + j^b ztm, ate lei^h and breadth 
of a eeetioa parallel to^ and equally distant from, each end, 
we shall get 

[(2L+0B + (2/ + L)i]xH or 
{2Bh + B I + 2bl + bL) X ih zz (BL + bl + 
4 M w) X ^h; that is, the sum of the areas of the two' 
ends, and 4 times the section in the middle, multiplied by 
4 A. 

As every prismoid and cylindroid may be conceived to 
consist of an infinite number of rectanguiaar prismokls, k is 
evident that the last rule will answer for any prisradd or 
cylindrofd of whatever figure the opposite ends may be 
(P*ge9a.) 
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73. This rule nmy be easily deduced from the preceding 
ones. Other rules are given, which find the true solidity 
only when the middle section, between the two ends, is 
fiuular to the two ends ; which never can be except when 
the parallel ends are similar ellipses ; that is, the transverse 
and conjugate diameters at each end parallel to each other ; 
this can never happen but when the solid is the frustum of 
an ellipttcpl coi^e. (Pfbge 930 



74. The reason of the first rule is evident from solid 
Geome^, where it is demonstrated that a sphere is f of 
Its circumscribed cvlinder. But the diameter of the base 
of the cylinder, and its altitude are each equal to the dia« 
meter of the sphere ; therefore, (d being the diameter,) cP 
X '7854 is the area of the base, which being multiplied by 
the height of the cylinder, will give its solidity ; that is, S 
X '7854 xd = <P X '7854 = the content of the cylinder, 
the two-thirds of which will be the solidity of the sphere ; 
thas is, (F X -7854 X f = <^ X •5236 = the content of 
the sphere, which is the first rule. 

The reason of the second rule is equally obvious. For 
the surface of a sphere is equal to the circumference of one 
of its great circles multiplied by its diameter ; that is, e X 
d, c being the circumference, and d the diameter of the 
sphere. Now, the sphere may be considered as made up of 
an infinite number of pyramids, whose bases compose the 
surface of the sphere, and all the vertices meeting in the 
centre, their common altitude or heiglit being equal to the 
radius of the sphere, or half the diameter ; and therefore, 
its solid content, or the solid content of any spherical pyra- 
mid, being a part contained within riglxt lines drawn from 
the surface to the centre, is equal to a pyramid whose base 
is equal to the spherical surface, and height equal to the 

d 
radius, or half the diameter ; that is, c X <^ X g* which is 

the rule. (Page 94.) 
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75. Let A Cn be a triangular pyramid, whose base n A 
is infinitely small ; the sphere, as was said before, may be 
conceived to be composed of an infinite number of such 
pyramids, whose bases constitute the surface of the sphere^ 
their altitudes being the radius of the sphere, and the centre 
their common vertex ; then, by the last rule, the solidity of 
the sphere, or any sector thereof; is equal to a pyramid, the 
area of whose base is the spherical sur&ce^ and its altitude 
the radius of the sphere. 

Let O D (h) be the height of the segment A D B ; then, 
d X 3-1416 X A = the spherical surface, and d X . 3*1416 
X A X ^CD = 3-1416 X dh X ^d = '5236d'h = the 
solidity of the sector A C B D. But EOxODir A0«; 
that is, (d — h) X h = A 0\ and A 0« X 3-1416 X J 
O C = the solidity of the cone ACBz=(rf — h) h X 

3-1416xh| — A) = (d — h)xhX'5236 X ((?— 2A) 

= (d^h -^ 3dh^ + 2Jr') X -5236, which taken from the 
solidity of the sector, leaves the solidity of the segment ; 
that is, (-5236 d'h) — (rf«A — 3rfA« + 2A«) X -5236 = 
(3dh^ — 2 h^) X '5236 = (3 rf — 2 A) x A* X '5236, 
which is the first rulet This rule will hold true, when ft is 
less than ^ (/. 

Let r == A O, the radius of the segment's base ; then, 

r« + ft* 
(d — ft) X ft = r^ ; hence, d = -^ — r — ; then, substi- 

tute for d, and the rule becomes ( 7-- — — 2 ft) X ft^ 

X -5236 = (3 r» + ft') X ft X -5236, which is the second 
rule, and is always to be used when the radius of the sphere 
' is not given. (Pages 95, 96.) 



76. Put H = height of the greater segment ; and ft = 
height of the less ; R = radius of the greater base, and r 
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= radius af the less. Then, it is obvious that the differ- 
ent between these two segments will be the zone required ; 
that is, (3 R* + HO X H X -5236 — (3 r« + A*) X A« 
X -5236 = [(3 R* H + IP) — (3 rU + A»)J X -5236. 
Put d = the diameter ot the sphere, and then, from the 
property ot the circle, we get (d — H) X H ' =: R% and 
(rf _ A) X A = r». ^ 



R* + H* * r* + A* 

Hence, d = ■ „ » «ncl if =i — T ■ ; conse- 

R* + H* »^ + A*. • ~ 
quently, jr — = — t — > Mid putting a = H — A, 

we get [(3R«H + H») — 3r'A + A')] X -5236 ( R^ 
+ r* + J a*) X a X i'5708J Now, if one of the radii 

pass through the centre, we get R* = -j = C O* + G O* 

f r • • 

= r + o' ; hence, the expression becomes (r + f a ) X 
a X. 3-1416, = (irf^ — ia*).X « X 3-1416. Hencci (i^ 
+ i aO X « X 6-2832 = (J rf^ — ^ a«) X a X 6-2832 
expresses the solidity of the middle zone A B D C, being 
iioublethe former^ wheVe a. is ^ the altitude, and r = half 
the diain6t'er of each end. Put A =* the whole altitude, 

aptCdfs-i-r,. the diameter b^ each end; and .the expression 

•becomes i^ + | A*) x A X -7854 = (rf«'— J A«) X A 
X -7854. (Page ^.) 



■ t 



77. Put' F G 2= oi ;i^ S' it ic, :and t^ i: radius ; conceive 



I /' 



an infinite number of ordinjttes,''y,.^, jf, &c. td.'be drawn 
as in the figure, and let the distance between every two of 
thenrbe I'epresented by «. Then, OV* = i?*; therefore, 

T* l-kjF«:=a (c +<.i)«:cr <? + 2^cy -+ y* ; hence, V — .c^ rr- 
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■ — r 



2cy — «« = y*i but SCCr*) — FS» (c*) r: FC*'(a«)} 

therefore, a* — 2<7y — ^ :=z y» Now, if we tdke ^ = 0, 
1, 2, 3, &c* we get 

a* — 2 cy = ^* 

a' — 2c^ — 2*==:y« - • 

o« — 2cy — 3*=y* 
&c. &c. &c. &c. 

a«_2cX0 — a« = 0* 

. • • • . 

But if we conceive the swindle to revolve about the chord 

A C, the ftum of all the circles whose riwbi are y, y, y. &C 
will be the solidity of A B L, and the area of ifiese circles is 

{(2y)» [«= 4y«] + {2sY r- 4y«] + &c.} X -7854 ^ 

{r+^'+y + ^&ct)x4x -7854 = <y« +y + y* 

+, &cO 3*1416. B«ty + ^8 +.y« + &C-) ss the Bum 
of the left-hand members of the equations; thereforei thp 
sum of the left-hand members multiplied by 3*1416 will 
give the solidity of the part A B L. The sum a' + aS &c. 

St a%auBiof 2cy^2c5f + 2cjf'+ &o.^%,c X ASF; 

also, 0* + 1* + 2« + 3' -f a* = ^} therefore the 

sum of the left-hand members of ^ the equatiooa is a' — 2.« 
-X upaceABF— -y r= ^ -f2cXfpa<}e ABJPcs I g 
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— c X space A B F I X f . Then, I -^ — c X space 
A B F^ X 2 X 3^1416 =. l}iff solidity of A B L, which is 

— 

— c X space AB f\4 X 31416 = f^ — ex space 
A B F j X 12-56$4, which is the rule. (Page 98 ) 



78t. By 4he last l^.havQ t*.rT :«?«?= <iJ + jy>' =? ^ + 

2cy + y*, aodf* r^ ^ •• *ey — , 3r« pt y» ; put r^ — 
c* = a*; then, 

a* — 2cy — «* =: j^ 

Put a It % 3, &c- for *, tben, 

a2 — 2cy — 2* = y* 

,.— ..-•• • - 

#? «* 2c^ — 3« = y« 

&Cr &C &C. &C. 

From ^hat lias been said in tiie lastDembnstration, we 

DO* 
have a* X PO — 2c X space DP QO — -^- = sum 

Df *the Ieft-hao3 inenabers of the equation. But 



104 



, N 
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f ' 



a' X DiO — 2c X^pate Dl^^O ^ == 

;(a« — D 0«) X JE^^Ci -r :i€ X -spaceD P Q G i 

(D O* \ 
a« ^ J X D O — c X space PD tlL Q. 

Then this multiplied by 2 X 3*1416 will, from what has 
been said in the last; give the sdidity of the frustum ; that 

DO* 
is, (o« — ) X D O — c X spAceT D E L Q X 6-2832, 

which is the rule. (Page 99.^ * 



79. It was shown in Proposition XIV. Cor. 2, Ellipse, 

that the solidity of the spheroid is — r — , when t is the 

o 

2 c* / n 
transverse, c the coi^ugate, nnd »j=:-*7854; but 5 — 

= |« X c'< = f X -7854 X cU=^ -5236 X c^i, which 
is the rule. 

The solidity of the oblate spheroid is : — ^-^ .= J n X 
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^c =s ^a3& X fe^* See Prop. XV. Cor. 1, Ellipse. (Page 
lOOu) 

80. Let the segment be that of a prolate spheroid ; then 
\t is evident that any plane section of the inscribed sphere, 
parallel to the transverse or fixed diameter, is to the corres- 
|)onding section - of the spheroid, as the cotijugate to the 
transverse ; therefore, the sum of all the circles which form 
the segment of the inscribed sphere* is to the sum of all 
the ellipses which form the corresponding segment of the 
spheroid, as the conjugate to the transverse ; but the con- 
tent of the segment of the inscribed sphere is (Demonstra- 

tioB 75,) (3c — 2hyh^ X -5236 .-.—(30—2 h) h^ X 

V 

-5236 = the content of the segment parallel to the fixed or 
perpendicular to the revolving axis. In a similar manner 
the rule may be proved when the segment is that of an ob- 
late spheroid. 

81. Let ^ =: the height of the segment which is an ab- 
scissa of the revolving ellipse, let y be the corresponding 
ordinate, and t and c the transverse and conjugate diameters, 

then, ya =: -- x (t x — .ar*), hence, the sum of all the 

circles constituting the volume of the segment, will (Propo- 

4 w c 
sitions IL and IIL Arithmetic of Infinites,) be ^ (i^^^ 

~ i^ =r p X I n X [(3 ^ --2 x) X a?^] z= JtX-5236 
,X [(3< — 2ar) X **], Which is the rule. (Page 101.) 

82. Let/= AB the fixed axis,l p .. nrokte snheroid 
r = E F the revolving axis, f ^^^ ^^^ P^^**® spneroiu. 
h z=: vo the height of the middle frustum. 
D = K I the diameter of one end of the spherical zone. 
d ss m H the corresponding diameter of .the spheroidal 

zone. 

e 5 



a* 

tlien, by t>^iB(m8tration 76, the scAdltyiof llie nfiddle 
zone of the sphere is (/« — ^ A«) A X -7854 = (3/* -^ *«) 
X ^ X -2618; but/* : r« :: (3/* — A«) h X -2618 : the 
«oHdity of the spheroidal zonei by Prop* XIV* Cor. % El- 
lipsis; and CD* : EF* ;: IK* : mn«; thati^/* : r* :: 

/« — . A2 : <i« 5 hence, /* = prZT^J therefore, prtT^ 

• ^ •• ( ^» _^ — A*) X A X -2618 : &e solidity of the 

choroidal zone s (2 r^ 4. d') h X -2618. 

: . Puttiag/ = E F, and r = AJB, u timilar i^ult^i^B he 
obtained ; for the coiitent of the middle zone of an oblate 
spheroid. <Page 102.) 



83. It was proved in Prop. VIII. AriA. of Infinites^ tliat 
the parabolic conoid is half of a cylinder of the same base 
and height. Biit the solidity of the cyRnfler is D* X •7854 
K hy (h being the he%ht of the c^inder) ; iSierdbr^, the 

solidity of the conoid is ^ t^^^n, - j^, ^ .3337 x 4 
which is the rule. (Page 103.) 



•84. It was proved in Proh. VIII. Cor. ArUk. of Inf. that 
the solidity of the lower frustum >of a parabolic canoii is 
equal to half the sum of both bases multiplied by the height 
of the ihistum. If D be the diameter ^ (iie greater baK» 
and d the diameter of the less, their areas are D^ x *7854, 

-78S4 
«id <P X -7864 ; th^, dieir sum is (D« + dl')x ^^ = 

(D^ 4- ^) X '3927, which multiplied by the height of the 
^ttfltum will give ite aolidity, vijs. (D^ + d^) X *<3927 X A, is 
the solidityi which is the rule. (Page 103.) 
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85^ It was shown in Prop. IX. AnA. of InfinUesy that 
:^very {»ai)^% ^pinfl^'is . eq«fe| 4p -^ of jis^ -ciromQs^bfid 
cyliiraer. But the contents of the circun^scribed cylinder 
njy^xn^^'Xi, Dhring d|^-iwd«o ddaai^teiv apdZtSie 
length ; therefore, ^ x I>* X "7854 X h is the solidity of 
the spindle, which is the rule. (Page 104.) 



86. In Prpp. IX. Cor. Afith, of Inflmteiy the equation for 
the solidity of the frustum is 2 D* + C* — ^ rf*) X L X 
•26^8, wji^re !>;= ttiid41e diameter, C ;;= 4ifu»eter of the 
end, i :;: difference of diameters, and L = the length> 
wbiqh is the n,ile. (Pl^e J 05.) 



87. P^^t Am B= B, and * ?r Vfnitheheigfej;; them, B* 
X 9.141^ 2s area ^ iS^ ^^s^, ^nd H^ X ^ X S-1416 s: 
solidity of tbe^i^iiMi^ pf ^ ,8am^ }m^ aiyi he^H ^ 4ie 
hyperbolic conoid is to the cylinder of the same base and 
height as ^ < + i a? to < + « ; therefore, ^ + a? : ^ < + 
^a? :: R* X « X 3*1416 : hyperbolic conoid, ox t ^ x \ 

^^ . "fcu?^ :: ,R« 5C cX 3*1416 3 hypeAolic oMioid, wihich 
, . 

^ ' , (3< + 2^) ^2 ' 3-141^ 

ia, therefore, equal "T^^^ K B' X or x --^ « 

<^t+£fL2t^^ a: X -£236 ^j^.^^ ^^ ^^,^^ , ^^j 
the transverse. (Page 106.) 



88. This ffiide is prpYed in I>caioiifitratacn 72, where 
^ is sfaoim that jour times the jatea in ithe middle, 
aM^d to the areas /of the two ends, and the «am raulti* 
phed by \ of the height, gives the solidity, but -1309 
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' 1 * * 

being -7854 H- 6, then, (4ty + d" + d") y h K'^^ :±: 

(4D« + cP + d*) X A X -1309, which is the nile. (Page 
107.) ^ ^ 



89. This rule is the same as the last, and the Demonstra- 
tion is the same. 



90. Let monvbe a cylindrical ring, the diameter of a 
section of which is A C, and the mean length monv passing 
through its centre. Then AC + CD = mn; therefore, 
the mean length of the cylinder is m» X 3-1416 ; and the 
area of a section A C is A C* x '7854 ; but the solidity of 
a cylinder is found by multiplying the area of its base, which 
is here A C« X -7854, by its length, which isinn X 3-1416 ; 
that is, A C2 X -7854 X mn X 3-1416 z= A (7 X (A C + 
C D) X 2 4674, which is the rule. (Page 108.) 



91. Let ABC be the tetraedron ; from C let fall the 
perpendicular C E, on the opposite side A B D, and jmn 
EA. Then, AC* = AE« + EC^j but J A C« = i AB« 
=z A E^ ; therefore, f A C^ = E C^ Hence, A C -/ f = 
EO, but ABDr: J A B V 3 = iAC'^B; then, the 
solidity will be equal to the area of the base multiplied by 
i of the altitude) ; that is, ^ C E x AB D =: 4 A C V 
f X iAC« v'S = ^ A C ^2, the solidity, which is 
the rule. 

The reason of the second rule is obvious, from a pro- 
perty in Solid Geometry, viz. that similar'solids are to one 
another as the cubes of their like sides ; and the tabular 
numbers being the content oF soKds whose sides are 1 ; 
therefore, the cube of any side multiplied by the tabular 
Jiumber corresponding to the figure, will give its solidity. 
(Page 111.) 
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"SgL'h^ £ b« the cenCre hi the fiolid, o» the middle of 
the du^ontd ». C> jein D£, which is eqiial to ^ £• 

ThesoUfi is evidently 'Composed of tWo equal square 
pyramids, the commoa base of which» A B C F, is equal to 
the square of the Uneal side of the solid, the altitude of 
each being equal to D £, or A £, half the diagonal o£ that 
square. Now, AB' = AB C F; but the area A B C F x 
f AE rdJjWrx.^AC =^AB« V (AB* + B.C*) xz 
I AB« V 2 AB«) == ^ AB^ V 2, which is the rule. (Page 
112.) 



/ » 



93* Let A repr^ent a ^soKd angle of the dodec^Modrpti, 
and connect the extremities of the sides A B, AC, At), i^f 
the faces which form the angle, by the lines B Q C D^ and 
D B, forming an equilateral triangle BCD, within the-solid, 
on the centre of which, let fall the perpendicular A £ ; join 
the centre F, of one of the faces, and the points A and C- 

The angle C AJ) contains 108 degrees, the sine of which 
is i -• (10 + 2 V 5) to the radius 1. 

The angle ADC contains 36 degrees, the sine of which 
ia i V ( 1 8 -r -^ V 5). ( TV^onome^iy.) 

Hence, v^ (10 — 2^5) : V (10 + 2V5) :: AC : 
DC^ _ . 

AC 4/ ^Q + ^ ^ ^ - AC */ ^ +^^ - -A C A/ 

(5_+V «)* _ A r V ^^^Vg -1 + -^^ ^ V A r 
25-^T~- ^^ 2V6 - 2 '^ ^^• 



In somewhat ff similar manner, we find C E = ^ C V 
3 = CD.V i = ^ tv i ^ ^ ^'' '^'^®' ^ ^ ^ 
V (A C - G E') = -• { A C - ( ^aVsO '^^j 



(10 



tkmy tbetbovdiif an arc M^amefta proportional between 
its vetsed sine And the diameter s^ A £ being the versed 'sine 
vhose chord is AC, and its diameter 'equal te tlMt of the 
'ajdiere; we have 



AC»^2AEr5 A<?^2ACi/ ^^^Sii^lAC 

px^±4^)=:ACxi^4:i±:ixV3 = 

■ 'f^ ' A C x= E^ l2ie tadius of the careanwcribed 

4 

sfAiere. 

Again, the angle AFC contatfis 72 degrees^ whpse sine 
IB i y/ (10 + 2 v^ 5). The angle A C F i854 degrees, 

whose sine is ^ \^ . ^ .. Mence, ^ (10 + 2 v^ 6) 5 1 + 
./6 :: AC : AF = _^L±-^ X AC.= AC 

.^ '^ . . ^w«iit is obvious thftt the xaAus of the 

ciroumsciibed spiiere is the iiyppthenuse of a right-angled 
triangle, whose legs are A F^'ond the radius of the iasoribed 
sphere ; hence, we have ^ (R* — A F'^) = ^^ 

[(^^ + ^^ A c)'^L±^J- ie] = AC V 

( W — ~ — To — / - ^ ^ V' 40 

)= r, the n^Sws of thelascribed sphere. 
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ll{o#» ^6 Isdlidity of any regufaur Mid is equal to the sur 
fac^ ibultSpiied by ^ of the radhts of tSie inscribed sphere, 
and the surface, asirift he ^Hsmh iiereafter, is equal to 15 

A« ^ LiL^^jZA. therefore, B X i r z= 15 A* ^ 

I i i 11 ■ ■ ^ ■■ M X 4 A V ■ '■■■ ^r. ^ ' = i> A* X V 
5 ^40 . 

. ' ■ * ■ ■■ \ :r*C the solidky, A being the lineal aide, 

40 # « . . 

BNthe slur&ce, and C llie ^oAidky. (P^ 112.J 



94. Let A be the solid ai^le of the icosaedron, formed 
by 5 triangles, whose bases SScm the pentagon B € D£ F, 
on the centre of which let fall the perpendicular AC, join 
EG. 

In one of the steps of the last demonstration, it was 

5 4- / 5 
shown that B G = A B ^v/ T^ — > *^d ^© radius of 

the ^de circnHiscribiAg one of tlie faces A B C, of the 
solid p: A v^ ^* But the radius of the circumscrilKing 

^k . n AB« AB« 

sphere isR = j^j^^ = ^ ^^ (AB^ - BG«) " 

AB^ AB 

2 ^ (A B« — / 5 + ^ 5\ AW) ^ 2 V(1. ^5+V5) 

V 10 / 10^ 

10 



.*A I. 
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U — ^6 ^ 6 + V 5/ ' 25 — 5 

4 

Now, R is the hypothenuse of a right-angled triangle, of 
which the one leg is Q (qc A B v' i) t^e radius of the 
circte circumscribing one oIl the faces A B C, wid the-other 
the radius r of the inscribed sphere. 

•Hence, r = V (R* - O') = ^ {^-±MI A B« - J 
AB«)=ABy-^t__ = AB^— ^5 

If the whole surface be denoted by B, and the solidity by 
S, we shall have 

S = ^-B =:iABV^-±-^^x5AB;V3 =# 

A us ,7 + 3^/5 5. ^3 ,7 + 3 V5 , . , 
A B^ V - Q = f A B' V 1 which 

is the rule. (Page 113.) 



95. The area of an equilateral triangle (Problem VI. 

A*^ 
Section II.) is •— ^ 3^ A. being one of the sides j then, 

the area of the four faces will be A^ y/ 3, .which is the first 
rule. The reason t>f the second rule is obvious from the 
property, that similar surfaces are to each other as the 
■squares of their like-^aidas. (Page 115.) 



96. The hexaedron is composed pf six square facesj the 
area of each being A*^ (A being the sidej therefbre, 6 A* 
is the whole surface. (Page 1 15.) 
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87. By PpoBlcm VI. Section iL the area of one V the 

faces is -r \/ 3, (A being a side,) therefore, the surface 

A* 
of the 8 faces of the octaedron is — ^Z 3 >C 8 = 2 A* v^ 

4 

3, which is the rulew (Page 116.) 



98. In Table II. the area of the pentagon, whose side is 
1 is I v^ (1 + I V 6) which being multipUed by 12, wUl 
give the whole surface, diat is, 12 x 4 ^ (^ + I V 5) 
= 15 V (1 -i- f V 5), which is the rule.; (Page 116.) 



V 1 fc 

^. By Problem' VI. Section IL the area of one of the 

A* 
"fkces is -v V 3, (A Mng''one'«of tiie sides); but the 

: ^ ' :: / • " 

• . . ' r ' • A* 

fgure has 20 such faces ; therefore, 20 X -j V 3 = 5 A* 
^ 3 is the surface of the whole solid. (Page 117.) 



. Table - lY. - may be calculated from Table IL by 
multiplying the tabular numbers there, corresponding to the 
faces of the regular bodies, by the number of such faces 
forming the solid.. Thus, 4 times the tabular number cor- 
responding to an equilateral triangle will be the tabular 
number corresponding to the tetraedron ; 6 times the tabular 
number answering to a square will be the tabular number 
answering to the hexaedron : 8 times the tabular number 
answering to the triangle will be the tabular number that 
auswers the octaedron; and so of the resi. (Page 117.) 



100. If we conceive the pentagonal prism C D E, &c. to 
be formed of pasteboard, the upright surface of it will, if 



H4 



fkn^moii 



^eOdedf^forpi a pamV^t^^gmt} A FCL» w&osb altitude is 
equal to that of the prism, and base L G e^ual tp the dvr 



* t 




S«C: \- 



9 4^ , y wf 




cwi^mnef .i0f |)Qrte€tar ^ tf)e {Mmi^i^; but the arcs ft 

the parallelogram is A L X L 6 ; therefore, the convex 
avr^e of thep^siifi i$ A X JC; A being it&lieight» and^ (=? 
LO) its'cirtuntfefence m- perhneter, td tdilch the areas of 
bodi en(k«r9 ,to be added Jto find the ^ucjEac^ of th^eiitM*e 
prism, wiiich is the tule. (Page 119.) 



101. If tre conceire a tiiatigtilar pyraniSd xs\i^^ of paste- 
board to be unfolded, it is tnm<ms that the surface of \i& 





I>Bff<MI9!niAtION8. 
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M€ii tnll b^ e^l to thatef CABDE; whieli is dinpoiM of 
tliree equal triftngks^ but tbearea of CBD is CI X iBD; 
therefore, the area of the three faces is C I X ^ ( A B + 
BD + PE) s: CI X ^ x>> j»^beiBg the perittiet« ; hooce, 
CI X iPi together with the area of the base, is the whole 
surfacQ. (Page 120.) 



102. I£ a circular sc^etor be described on paper, 80 that 
its radius shall be equal to the side of the cone^ and its iiyc 
equal to the circumference of the base, this sector can be 
rolled round the cone, so as to cover it exactly ; but the 





area of this sector is found by multiplying the ra£us of the 
sector by half the arc ; therefore, the convex surface of the 
ciQie is £oudA jby multiplying .tbe slant height by half the 
circumference of the base, whichy with the area of the base 
is the whole surface. (Page 121.) 



103. Let AB D C be one of the faces of the frustum; 
E . F^ whidb jpins the middle of A B, and C D, is the slant 
height. Now, it is obvious that the ends being regular 
polygons^ the upright sur&ce will consist of as many trape- 
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•soids, each eqiMl to A B'D C, as th<^e ar6 sides in the poly- 
*gon| thig common height being £ P ; but the area of the 

A B I CD' 
face ABDC is ^ — ^ X EF; therefore, the area 

of the whole upright surface is — 3— ^ X E F. (P and p 

being the perimeters of the two ends of the frustum,) to 
-which add the areas of bodi'ends^ for the entire sur&ce. 
•-<Page 122.) 



104. If a ^art of the sector £ F G, viz. H F G I, having 
H F = B D, be rolled round the frustum ABDC, so as 
to cover it exactly, it is evident that ihk area of the enve- 



VK 





l^^JM^JllJillP^ ^ 



lope H.F Q I. will be equal to the convex surface of the cone 

HI + FG - 
ABDC. But the area of the envelope is ■ ■ ■ X 

F H, and H I is equal to the perimeter of the less end A B 
of the cone, and F G equal the perimeter of the greater 

base C D ; thereforci ■■ ^ X B D is the convex surface 

of the cone, P being the perimeter of the greater base, and 
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f 



p + p 

p that of the less ; therefore, ' X ^ I^> together with 

the areas of both ends^ will be the entire surface. (Page 
123.) 



By mistake, reference is made to Demonstration 165, in 
page 124, and the next Demonstration is 107) instead of 
105. 



107. It is proved in Dr. Lardner's Euclid^ Prop. X. 
Book IV. Solia Geometry, that the surface of a sphere is 
equal to that of the circumscribed cylinder ; but the cylin- 
drical surface is equal to the circumference of its base, 
which is equal to that of the sphere, multiplied by its 
altitude, which is equal to a diameter of the sphere. There-, 
fore, the surface of the sphere is equal to its circumference, 
multiplied by its diameter. (Page 125.) 



108. It is proved in Dr. Lardner's Euclid^ Prop. XL 
Book IV. Solid Geometry, that any plane intersecting a 
sphere and its circumscribing cylinder, parallel to the base 
of the cylinder, divides the spherical and cylindrical sur- 
faces into parts which are equal to each other. I'herefore, 
if two such planes be drawn, the spherieal and cylindrical 
surfaces which" they include will be the difference between 
the equal spherical and cylindrical surfaces which they cut 
off towards either of the bases of the cylinder, a,nd, there- 
fore, those differences are equal. 

But the surface of the cylindrical segment is found by 
multiplying its circumference, which is equal to that of the 
sphere, by its length, which is equal either to the distance 
between the parallel planes, or to the height of the spherical 
segment; 1 dice, the reason of the rule. (Page 126.) 
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109* The envelope of acyfinder is a parallelogram whose 
sides are evidently the height and circnmference of the cy- 
linder ; therefore, the area of such a parallelogram is equal 
to the convex surfoce of the cylinder, to which the area oT 
the two ends being added, the sum will give the entire sur- 
face of the solid. (Page 126.) 



110. See Figure Prob. XXVIII. Sec. IV. AC + CD 
:::! mn; then, the mean length of the cylinder is ( A C -|- 
CD) X 3*1416; but the circumference of a section A C 
is AC X 3*1416; then, by the last Problem the surface is 
(AC+CD)XACX 31416 X 31416 = (A C-+ C D) 
X A C X 9-S696, which is the rule, (Page l27.) 



111. Let the area of the part required to be cut off be a. 
By similar triangles, we have AB:BCi:Aa?:«y=: 



BC X A x 
AB 



• But Ax X xt/ =z the areas of the triangles 




Ax J/ and Dtcs; therefore, ^jt — ^ X \x 
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X"-« is the sum of the areas of the triangles A »^ 

and D 10 «. Now, the rectangle D « or A, together with the 

adjacent triangles is equal to a ; therefore, we have 

BCxAif^,._ . 

' y-^ ' ' + A D X A» ss «, a qundtatuj equation, 



which solved gives A or 31 o ' A A (AB* X Al>^ + 4 
B C X A B X «)i— AB X AD, (P^e 137.) 



112. Because the surface of a sphere is equal to the curved 
surface of its circumscribed cylinder; bait the carved sur- 
face of a cylinder whose dii^meter is D, and height -^ has 

been showikto be 31416 X D x ^ == 1^5708 D^ Hence, 

4 

the reason of the rule. (Page 169.) 



113. It is known by experiment that an iron ball of 4 
inches in diameter weighs 9lb ; and the' weights of bodies 
composed of the same materials being as their quantities of 
matter ; that is, as the cubes of their diameters. It will be 
as 4^ (64) : the cube of any tfdksr ball : : 9lb. : the weight 
required, which affords the rule. (Page 188^) 



114. It is found by experiment that a leaden ball of 4^ 
inches diameter weighs 171b. But the cube of 4^ is to 17 
nearly as 9 to 2. Hence, and from the proportion, that similar 
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solids are as the cubes of their diameters, the rule is obvious. 
(Page 189.) 



115. The reason of this rule may be easily derived from 
Problem I. For, by deducting the weight .'sufficient to filt 
the cavity, from the capacity of the external surface, the 
remainder will express the weight of; the shell. Let d and 
D express the internal and. external diameters; then, their 
weights will he iP X ^4* and D' X ^' .*. their difference, 
viz. (D^ 1-^ (T) X ^^, will give the weight of the . shell. 
(Page 190.) 



116. By experiment it is found that lib. avoirdupois 
weight, of gunpowder contains 31*06 cubic inches. And 
putting d for the internal diameter, the capacity of the shell 
is d^ X '5236. Henc^ 31-06 : d^ X '6236 :: lib. : the 
weight required in pounds ; that is, «P X '5236 -7-31*06 = 

d^ 

, which is the rule, according to the note. The rule 
o9*o2S 

in the text may be explained in a similar manner. (Page 
191.) 



1 17. Let /, by and dy represent the length, breadth, and 
depth, respectively ; then, the content will be Ibd; hence, 
as in the last, it will be as 31*06 : Ibd :i lib. : the weight 

Ibd 
required: that is, ^ ■ . :zz Ibd x '0322, which is the rule. 

(Page 192.) 
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118. Put d equal the diameter of tfae oyliadery abd / for 
the length ; then, its content is tbl x '7854 ; then, as in 
the two last, 31-06 : dU X '7854 :: lib. : weicrht; that 
is, d^l X -7854 -i- 31-06 = cP / -J- 40 nearly ; which is the 
rule. (Page 192.) 



119* Retaining the same notation as in the last, aad 

d^l 
puttHig w xz the weight, we have to = — ; then, 40«; s 

tPl; divide both sides of the equation by cP, and we get 

40 w 
= ^ , which is the rule. (Page 193.) 



Note, The foregoing rules only approximate the truth. 



120. The reason of this rule is derived from the o^hod 
for finding the sum of a triangular precession. Thus, in a 
triangular pile it is obvious that each course of balls is in 
the snape of a triangle. The pile has only one ball on the 
top, this ball rests upon 3 balls, which form the second row^; 
and these ihree balls rest upon 6 balls, which form the third 
row ; and these 6 balls rest upon 10 balls, and so on. 
Then, the sum of all these balls is equal to 1 + 3 + 6 + 
10 + &c. to n terms, n being the number of courses. But 
this series is = 1 + (1 + 2) + (1 + 2 + 3) + (1 + 
2 + 3 + 4) + &c to n terms. The nth term of 

this series is = —^—5 ^9 and the last term but one is = 

« Vn. — . 1 ^ 

-^-^—5 , &c. and the sum *of all this expression is = 

/ 
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n (n + IIOl 4-2) 



, which ifi the rule. (Page 194.) 



121. The top of the pile is one ball which rests upon 4 
balls ; and these 4 rest upon 9 balls ; and these rest upon 16, 
and so on; all the courses then form a progression, such 
iftg i« + 2« + 3« + 48 + 5« + &c n*. This pro- 
gression is formed of the squares of the natural numbers, 
I, 2, 3, 4; 5, &c. to n terms, the sum of whicli is =: 

n (n + 1) (2 n + 1) , ,,!.*,,_ 

— ^ — ' ^ ■, as shown m most books of Algebra, 

which affords the rule. (Page 195.) 



122. The uppermost row consists of one row of balls ; 
this row is supported by a double row, the length of which 
is one ball more than are contained in the uppermost row, 
and the breadth one ball more than the breadth of th^ upper- 
most row. The third rectangular course is 2 balls in length 
and 2 in breadth more than the highest row contains, and 
so on ; therefore, if r = the number of balls in the highest 
row ; 2 (r + 1) = the number of balls in the second 
course; 3 (r -|- 2) = the number in the third row, &c.- 
Hence, the number of balls in the whole pile is r -f- 2 (r 
+ I) + 3 (r + 2) + &c. + n (r + n — I), where n 
= the number of balls in the breadth of the bottom course. 
But the expression 

r + 2 (r + 1) + 3 (r + 2) + &c n (r + n — 1) = 

r -f- 2r ^ 3r -|- &c nr 

+ 2 + 6 + 12 -h &c .n (n — 1) = ^J^LJiH . r -f- • 

w (» — 1) (n + 1) 
3 • 



DEMaNSTRATIONSp 123 

Now, put m = {he number of balls in the length of 
the base : then, m — n ^ r^ — 1, orr = ni — » + 
1 ; therefore, substituting m -— n + 1 for r, we get the 
number of balls = 

= n(n + 1) { -.i-+__| = 

n (n + 1) (3 m — n + 1) 

6 ' 

which is the algebraic expression for the rule. (Page 196.) 



THE END. 
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